CHAPTER 2

Rigid Body Motion ,
Robot Kinematics of Velocity,
and Robot Statics

© Marcelo H. Ang Jr.



After this chapter, the students are expected
to learn the following:

1. Relate time derivatives of position and
orientation representations with translational

and angular velocities.
2. Transform velocities in different spaces

3. Relate joint velocities with end-effector

velocities
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After this chapter, the students are expected
to learn the following:

4. Understand the concept of Jacobians

5. Solve the forward and inverse kinematics of

velocity

6. Understand robot singularities
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After this chapter, the students are expected
to learn the following:

7. Static force/torque transformations between
frames

8. Static force/torque transformations between

task space and joint space

9. Understand redundancy and how to deal with
them
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Translational Velocities

Augp € R3*! = translational velocity of frame B
(1.e., origin of frame B) relative of

frame A
ru =9 lim  “py(t+At)- “py(t)
T PP AL S0 At

S “frame of differentiation” 1s A

Velocity, like any vector may be expressed in another
frame, say W
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Translational Velocities

In general, velocity vector depends on 2 frames:

— frames of differentiation — A — leading subscript —
this 1s the frame where the velocity of B 1s
instantaneously computed from (can be thought of
as velocity reference point)

— frame resulting vector 1s expressed in — W — leading
superscript

When leading subscript 1s omitted, 1t 1s implied that the
velocity 1s relative to some understood universal frame of
reference.

A missing leading superscript implies a generic frame of

o SXDISSSION.



Rotational Velocities

s> At a certain instant, frame B has an
orientation ARy and its rotational motion
may be represented by the rotational

(angular) velocity vector
Aw, € R unit vector along Awyg Bj

= instantaneous = kg

ax1s of rotation
magnitude of Awg N
= speed of rotation

d . lim AR, (t+A1)- *Ry(t)

S Awg is related to EtARB =R, = A0 v

A
Wg
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Rotational Velocities

Let Rot ( Kk, d6 ) = incremental change 1n rotation.
Awg = Aky 0 = Ak, 99
dt
. ARg+ AARg=Rot (k,d0) ARy
N ~— — A
pre-multiplication since d9 ks 1s

expressed in the frame A (base)

Rot (k,0) =
(k k,vers®+cos®  k k vers®-k,sin0 k,k versd+k sin0)

k,k vers® +k,sinb k k versO+cos®  k, k versf-k sin

|k k,vers0 -k sin@ Kk k, versd+k smb k k versd+cosb

o Nvhere yersd = (1 - cos0) 8



Rotational Velocities

For a differential change (small) dO

BC‘;SO d0 = cos + (-sin®)do

cos(0 + dB) = cosO +

for = 0, dO small

cos(d0) =1 (approx)

0s1no

sin(0 + dO) = sinO + 5 dO = s1nO + cosO(dO)
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Rotational Velocities
for 0 = 0, dO = small
sin(d@) = 0 + 1d0

=do (approx)

for 6 = 0, dO = small

vers(d0) = 1 — cos(d0) =0 (approx)
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Rotational Velocities

1 -k,d®6 k,do
~.Rot (k,d0)=| k,d® 1 -k, db
-k,d® k,do 1

Back to:
AR, =Rot (k,d0) "R, - "R,
=[Rot (k,d0)-1] *R

Y. -k,d®  k,do
AR, =lkdd0 ¢ -k.do| *R,
-k,d0 k. do ¢
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Rotational Velocities

dividing by dt:
¢

d*R, |k do

dt dt
do
k —
o dt
k

But “w, = “k,0=|k
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&
dt

do |

k _
> dt
K@
dt
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Rotational Velocities

A A
O N WBZ WBy
L AR =| fwy, 0 Awy | ARy
-AWBy ‘g 0
\
Iave
Let this be LAWBXJ =

angular velocity tensor of Awpg

AR, = | Awyx ) AR,
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Rotational Velocities

As with any vector, the rotational velocity vector Awg
may be expressed in another frame C:

C _C A

\___r_J
leading subscript A: frame the body is rotating relative to

(frame & differentiation)

leading superscript C: frame of Expression
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Rotational Velocities

The equivalent matrix product representation is:

LEWB XJ — CRA LAWBX J ARC

e {B} & {C} are attached to the same
rigid body which 1s rotating

{C} A A B
{B} RC: RB RC

. . . { ([ ] ¢ ([ ]
Diff with time — AR =4Rg élf(;j + ARg BR.
A
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Rotational Velocities

[ Awx] AR =[Awgx | AR BR-

= rotational velocity of rigid body 1s equal to rot. velocity
of any frame attached to the rigid body.

© Marcelo H. Ang Jr.
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The Orthonormal (Rotation) Matrix

& Skew Symmetric Matrices
RRT =1
RRT + RRT = (
(RRT)T + RRT = 0
Define S = RRT = | wx_

ThenS+ST=0

S = a skew symmetric matrix

© Marcelo H. Ang Jr.
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The Orthonormal (Rotation) Matrix
& Skew Symmetric Matrices

Skew symmetric matrix as vector cross product:

0 -W, W, W
LetS=|w, 0 -w,|andw=|w,
W, W, 0 ) W,
Then
Sp=wXxp

where p € R3**! vector

© Marcelo H. Ang Jr. 18



Rotation Matrix

111 = wx /R or

3x3 (time derivative of Rot. Matrix)
(n) (-|nx|)

or o o
0 |=|-|ox| |W
\a) \-lax],

7

)'(l. =E (X)W
——

9x1 representation l 3x1 angular velocity
of orientation 9x3 (a kind of Jacobian associated with
representation) o
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Rotation Matrix

— Trajectories are typically specified in terms of x,,, and 1t
1s important to determine the angular velocities
— To solve for w given Xx,, need to solve 9 Equations
with 3 unknowns — overdetermined system
— Solution that minimizes | | E W-X, || is the
left pseudo inverse, E_*
w=E"*x,
Er+ — (ErT Er)-l ErT

Y

.

always exists

© Marcelo H. Ang Jr.
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Rotation Matrix

But from definition of E_
ETE, = (L-nx[T [-ox/T [-ax]T) (|-nx|)

-OX

-ax)

= H nx T nx ]+ LoxJT Lox ] + [ ax |7 | ax_
=21,

E+=(ETE)!'ET
— (213)-1 ErT =" ErT
Z
very simple
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Rotation Matrix

w=%ET (n) =y (Lnx/Tn+|oxJTo +|ax T a
0
a
N Exactly the same
Actually,
R=[wx IR
| wx J=RRT

Note: Free of Math. Singularities
X, — W

W—P

© Marcelo H. Ang Jr.
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} always possible
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Euler Angle Rates &
Angular Velocities
ARg=Rot(z,a)Rot(y,B)Rot(z,7)

(0) (0)
w=|0|& + Rot(za)|1|B + Rot(za)Rot(y,p)
Ny N
(0 -sino.  cosa sinB\ (o)
w=[0 cosa smasinf} ||
| 0 cosf3 v
L A
~N
w=E 1x

© Marcelo H. Ang Jr.

Jacobian transformation




Euler Angle Rates &
Angular Velocities

or x.=E_w note that E_. does not always exist
(- cos a cos P - sin o cos 3 1\
sin 3 sin 3
X, = - sin o COS « 0w
COS O sin o 0
\\\ sin 3 sin 3 /)
N

If sinf3 = 0, matrix does not exist
— Math. Singularity
w— X, not always possible
Not all possible angular matrices can be represented
Mprhléin’with 3 parameter representations for orientation *



Roll Pitch Yaw Rates &
Angular Velocities

AR =Rot (z, ¢) Rot (y, 0) Rot (x, ¢)

W =

© Marcelo H. Ang Jr.

-1
Er RPY

(0) 0) 1)
0|# + Rot(z,¢)|1 |0 + Rot(z,¢4)Rot(y,0)|0|s
€ Y, Y,
(0 -sing cos¢@cosO) /ﬁ\
0O cos¢ sm¢cosH § .
. . w=E 1x
X 0 -sm6d )\ @) OR
N _/ .
e x.=E.w
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Roll Pitch Yaw Ratio &
Angular Velocities

(cos ¢ sing  sin 24 | )
cos 0 cos 0
X, =| -sing cos ¢ 0w
COS ¢ sin ¢ 0
0 0
\\ COS COS l

gy .
If cosO = 0, matrix does not exist

— Math. Singularity
w — X, not always possible
Not all possible angular matrix can be represented
This 1s a problem with 3 parameter representations for
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Quaternion Rates &
Angular Velocities

N

R RT = wx/] Ao, = cos 0/2

LLf(ko»klakzak3) s i >iit

e o o s A =k sin 0/2 dt
£ (Ao Ay Ags A3) szky sin /2
Z J

/'7‘1 '7‘2 '7‘3\/

i "
A, 1| Ay Ay -
= — W
7‘\~2 2 1-Ay A, A, g
WZ
A \ Ay A A J e/
N W,

. I
x, =E (X)w
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Quaternion Rates &
Angular Velocities

always exist
w=E (x)* X, Z
EX)"=[EXTE.(X)]JTETx) (left pscudo inverse)

(-h, Ay A, A,
=2l-%, A, A, -A,
\'7‘“3 '7‘2 7L1 7Lo )

Note: Free of Math. Singularities

W } always possible
X, — W
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Simultaneous Rotational &
Translational Velocities

Given: Frames A, B & C

{B} & {C} in motion

with respect to {A}
&

Find: Relationships between velocities
Apc =*pp T *Rg Ppc

© Marcelo H. Ang Jr. 29



Simultaneous Rotational &
Translational Velocities

Differentiating .
AUc=4Ug + AR PUc + ARy Ppg

\ J
Y

— Contribution of rotational velocity of frame B to the
translational velocity of C =
ARp Ppc = |—AWBXJ ARg Ppc = Awy x (*Rg Ppe)
=-ARp Ppc x Awy
=Awg X (*pc — *Pp)
. AU =AUg + 4Rg PUc + Awg x (*Rg Pp()
=AUg + AR PUc + AWy X (*pc — *pp)
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Simultaneous Rotational &
Translational Velocities

ARC — ARB BRC

AR, = AR, BR.. + AR, BR,.

[ Awx] AR, =[Awgx | AR, BR.. + ARy [ Bw x| BR .
=| Awgx ] AR + ARy | Bwx] BR, AR,

[ Aw x| ?R/; = Awgx| % + ARy [ Bw.x | BR, A}(gj

[ Awex] =[Awgx]+ AR, | Bw x| BR,
© Marcelo H. Ang Jr.
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Simultaneous Rotational &
Translational Velocities

But

A

— A B . .
2 We R *We expressing vector in

diff frame
o LAwexd =[Awgx ]+ L W x|
OR 1n vector form:
AW = Awg + ARp Bw-
Note also (1n homogeneous transformation)

AT wy x| “Ry AUB_
B [

© Marcelo H. Ang Jr. - | —

32



Computation Of
End-Effector Velocity

(6x1) VN:[uNj:f(qaé)

joint velocities

joint position
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Computation Of
End-Effector Velocity

Let us examine the contribution of the i1th joint motion to

end-effector velocity. We set all other joint velocities ¢ :

qc # 0 =9~ = =Gy = -y = &
so motion 1s occurring with respect to z. ; axis
For joint 1 rotational
W, =z q; .
u; =w; x R Mpy = Zia 4 X (PN —Pi)
=21 X (PN~ Pia) G
Note that o, , has no translational velocity

7

origin of frame 1-1 w/c contains z, ,

since joint 1s rotational
© Marcelo H. Ang Jr.
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Computation Of
End-Effector Velocity

For a translational joint 1,

w; =0

w; =2 q
The total velocity of the end-effector during coordinated
motion 1s the superposition of all the elementary velocities
that represent single joint motion:

- -
L Z u.
=1

N

WN 2:
- - W.
| 1=1 |
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Computation Of
End-Effector Velocity

(&)
/6X1 c.h
4
VN=( Jo ), )5 JN)
\ |
e .
6xN J(q) \Un /

Column J. represents motion contribution of joint 1

J(q) = Jacobian matrix
Cartesian <> joint space
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Computation Of
End-Effector Velocity

For a translational joint 1

J __Zi-l_
Y10

For a rotational joint 1

_Zi-l X(Px - Pis )—

Z:,

J. =

1
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Jacobian Transformations

* Velocities expressed in different frames

" N = End Effector

Avy © Bvy < B =may be a link coord
frame that 1s held

. instantaneously constant

For ARy and Apg constants
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Jacobian Transformations

* Diff pts on End-Effector

For BR and Ppy constants
B & N are attached to a rigid body moving
with respect to A:

N = | Two Frames
> Attached to
B = ) End-Effector

© Marcelo H. Ang Jr. 39



Jacobian Transformations

Auy = Aug + I—AWBXJ (*pPx—*Pp)

Ave — A
WN = "Wp

another J
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Jacobian Transformations

Most “simplified” form of Manipulator Jacobian is:

when 1t 1s computed at the mid-coord. frame

~N+1
2

L ,1.€.
— All vectors are expressed in frame L

— The origin of Frame L 1s taken as the velocity pt
for the end-effector
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Jacobian Transformations

@
0j

— Note that although L 1s moving, it 1s taken as
instantaneously fixed when computing the Jacobian

end-effector
y
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Jacobian Transformations

e In computing the Jacobian LJ, , each column is

i

bz, x -p.
J =[ X (Pr P )jforrot.joint

L
Z i-1

L
J. = ( Z“) for translational joint

© Marcelo H. Ang Jr.
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Jacobian Transformations

« OR LJ; can be computed from Jy;:

“u, _ LROO ______ [1 -(°p, - °py )XJJ "u,
Lw, o *R,JlO 1T "W

N ) N )
Y - - Y
L [} _ O [ J
JiLq '’ Ing
L — 0
JL " JN
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Robot Kinematics of Velocity

N(J) = Null space R(J) = Range Space
of J of J
0q — produces no = or column
motion OX space of J

oq € R" OX € Rm
Joint Space End-Effector Space
© Marcelo H. Ang Jr. 45



Robot Kinematics of Velocity

x = G(q) J = Jacobian

).(:J (i 6

5x=J 8 Ji=7—G(@)
q ) SqJ

x = representation for E-E configuration

(el 0
X = X = A\
0 E. (x,)/\w

——
l v =E - € — Angular velocity

v = J, q = Basic Jacobian

© Marcelo H. Ang Jr. 46



Robot Kinematics of Velocity

(B 0 )
X = 0 E.(x) 0 (@) q

_/
\_ ~—

J = Jacobian = E J(q)

ox =J 0q

© Marcelo H. Ang Jr.
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Inverse Kinematics of Velocity

Solution to 0x =J 0q [ 1.e., given OX, Find 0q |

77

mx] nxl1

Exists if & only 1f
Rank J = Rank (J | 0x )

N

m X n m x ( n+ 1 ) matrix obtained by
augmenting J with column ox

Meaning 0x must be in the subspace spanned by the
columns of J
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Inverse Kinematics of Velocity

First: Convert ox to 0x, € R™o( velocity, basic kinematic

model)
0x) =J ¢ ("n=JdpQqQ)
/ l
R™Mo Rn m, <6

Solution exists 1f & only if Rank J, = min( my, n )

i.e., columns of J,, span the space Rmin(mo,n)
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Inverse Kinematics of Velocity

General Solution:

< generalized Inverse
0q = Jy*(q) Ox + [ Iln - Jy"(q) Jo(q) ] 89,

nxn Identity
any arbitrary disp

Operates on 0, to produce vector 0q,, € N(J)

0q, = [ I, - Jy"(q) Jo(q) ] 3q,
The mapping by J,, of 0q,, results in zero vector in R™o

Jo0q, = [Jo - JoJo"(q) Jo(q) ] 8y =0
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Inverse Kinematics of Velocity

Case I: my=n <6
J*(q) =J! (possible problem with singularity,
J-1 may not exist)

Case 2: my;>n, my,<6 (notinteresting/useful case,
task shall be <n)
overdetermined system: more eqns than unknowns.
J# = (JT J-1) JT = left pseudo inverse
= exists only if Rank J =n
Sol’n minimizes || Joq - 0x, ||,
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Inverse Kinematics of Velocity

Case 3: my<n, my,<6 (Redundant Robots)
underdetermined system = less eqns than unknowns
J# = JT (J JT)! = right pseudo inverse
= exists only 1f Rank J = m,
Sol’n minimizes || dq ||,
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Static Forces in Manipulators

Link 1+1
Link 1 —

Let f, = force exerted on link 1
by link 1-1 at coord
Link i-1 frame (X._{, Yi» Z..1)
n, = moment exerted on link 1

© Marcelo H. Ang Jr.
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Static Forces in Manipulators

© Marcelo H. Ang Jr.
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Static Forces in Manipulators

 XF=0 t,—£.,,=0
< 2.Torques about origin of frame i-1 =0
. e LT s (P; — Pi) X (£ =0

If we start with a description of the force and moment
applied by the hand, we can calculate the force and
moment applied by each link working from the last
link down to the base, link ¢.

f .
ntl } Force exerted by the manipulator hand on

n . .
n+l ] Jts environment.
© Marcelo H. Ang Jr. 55



Static Forces in Manipulators
Recursive Equations:

f=f,, } all vectors

1 .
_ expressed 1n
n, =N, +(p; —Pip) X £y P

same frame

(e.g. base frame @)

What forces are Needed at the Joints in order to
Balance the Reaction Forces & Moments acting in the link

/

n!z .  forarotational link i

~ fi'z,,  foratranslational link 1
© Marcelo H. Ang Jr. 56



Jacobians In Force Domain

* When forces act on a mechanism, work (in the
technical sense) 1s done 1f the mechanism moves
through a displacement

 Principle if VIRTUAL WORK allows us to make
certain statements about the static case by defining a
VIRTUAL DISPLACEMENT ox that i1s experienced
without passage of time dt =0
(Not only infinitesimal, dx # 0x)

© Marcelo H. Ang Jr.
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Jacobians In Force Domain

« Since work has units of energy, it must be the same
measured 1n any set of generalized coordinates

— 6x1 virtual joint disp.

FeOXxX=1°0
A q\
6x1 , 631 Torque/Forces at joints
Cartesian Virtual 6x 1
Force-Moment displ. In
Vector Cartesian space

© Marcelo H. Ang Jr. 58



Jacobians In Force Domain

 But

ox =J 0q
e Therefore FT [Jdq]= 1T dq
H_J
OX
FtJ=r1t
=JTF
L L
¥ ¥

© Marcelo H. Ang Jr.
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Jacobians In Force Domain

 When the Jacobian loses full rank, there are certain
directions 1n which the end-effector cannot exert
static forces (through joint actuation) as desired

« That 1s, 1f J is singular, the equation is not valid
— F could be increased or decreased in certain
directions with no effect on the value calculated
for t
— These directions are 1n the null-space of the
Jacobian

© Marcelo H. Ang Jr.

60



Jacobians In Force Domain

* This also means that near singular configuration,
mechanical advantage tends towards infinity, such
that with small joint torques, large forces could be
generated at the end-effector

f—

y
z .

© Marcelo H. Ang Jr. 61



Jacobians In Force Domain

* Note that a Cartesian space quantity can be converted
into a joint space quantity without calculating any
inverse kinematic functions.

© Marcelo H. Ang Jr.
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Cartesian Transformation Of
Static Force

Given: A

Ane
b Find: Afy
/ T Ang

~
~
~
~
~
~
~
~
~
~
N
N,
N
\
\
1

A
Np

(the force/moment

My | .
(Reaction forces / """ experienced at .B if
for equilibrium)  “ng Ae force/moment 1s
C exerted on C)
)_ External forces/
moments applied
{A} pp

on frames {C}
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Cartesian Transformation Of

Static Force

Force sensor

Why 1s this important?

J

G5

Cf. & “n can be force sensor readings
But our primary interest is Pfg & Bng

(force/moments at tool tip)

© Marcelo H. Ang Jr.
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Cartesian Transformation Of
Static Force

Equilibrium:
2F=0 A+ A, =0
Ay = - M
2N=0 Ane + (4pg — Ape) X Ay + g =0

Ang = - Ane — (Apg — pe) X Ay

AfB — AfC

© Marcelo H. Ang Jr.



Cartesian Transformation Of
Static Force

Ang = -Ang =Anc + (Ypg — Ape) x My
Ang = Anc + (Apg — Ape) X (A)

Ang = Anc + (Ypc — App) X M

OR
Ang = Anc + ARy Bpex] A

in Matrix Form

Af I 0| *f,
_AnB_ _I_ARBBPCXJ I__Anc_
— /
YT

© Marcelo H. Ang Jr. Force torque Jacobian transformation
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Cartesian Transformation Of
Static Force

But in typical applications, we would like to relate

with

e.g. sensor readings will be expressed 1n local frame
of sensor]

We can transform vectors f & n like any other vector
via Rotation Matrices

_________________________
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Cartesian Transformation Of
Static Force

_AfB _:_IO— _ARC ______ O _____ ) _Cfc |
_AnB_ I?RBBPCXJ I B O ARc__Cn(j_
_AfB_:_ ___________ ‘R 1 0 |t
_AnB_ _ﬁRBch)gARC ARC__CnC_

Also

| "Ry 0|1

Png| | 0 PR, || “ng|

© Marcelo H. Ang Jr.



Cartesian Transformation Of
Static Force

Theretfore
Pty | [PR, 0 | “Rg o ||°f.
o) L0t FR o R R
___ ____________ BRAARCO _________ ) _Cfc )
) "R,[*Ry°pcX R BRAARC__CHC_
— — -

v
(PR, |—ARB Ppe X AR() “fe = BR, [(*Rg Ppe) x (AR “f()]
= (PR, *Ry Ppo) x PR, ARC Cfc)
= BP X (BR Cfc)
_ B J BR f

© Marcelo H. A% Jr. 69



Cartesian Transformation Of

© Marcelo H. Ang Jr.

Static Force

_____________________________________________

L’ This 1s the form given 1n
Craig’s Book
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