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Abstract

A singularity handling method is proposed in this
paper. It is done by introducing virtual redundant
joints into the Jacobian matrix to maintain the rank
of the Jacobian matrix when singularity occurs. These
additional joints do not exist physically. Therefore,
although mathematically stable, the manipulator still
can not perform tasks in the degenerate direction(s).
This method is comparatively straight forward to im-
plement and it does not have a singular subspace de-
fined within which a special and different control algo-
rithm is performed, thus it avoids the problem associ-
ated with discontinuous control or switching of control.
The method was tested on simulation and implemented
in real-time on the PUMA 560 robot.

1 Introduction

Singularity is a well-known problem in which the
manipulator loses one or more of its degrees-of-
freedom. This is reflected in the Jacobian matrix of
the manipulator, which becomes rank deficient at the
singular configurations. In many control algorithms, a
rank deficient Jacobian matrix introduces unbounded
joint velocities. Many methods have been presented
in the past, to enable robots to go through singular
configuration in a stable manner.

There are methods formulated based on the idea
of removing the degenerate degree(s) of freedom from
the rows of the Jacobian matrix. Aboaf and Paul [1]
handled spherical wrist singularity by eliminating the
singular direction and the contribution of the roll joint
of the wrist. The velocity of the eliminated joint is
then bounded at some maximum joint rate to avoid
excessive joint velocity. The effect is compensated in
task space. This approach results in a reduced (5 by
5) Jacobian which is of full rank. Chiaverini and Ege-
land [2] identified and removed the degenerate com-
ponents of motion, and applied pseudo inverse with
the collapsed Jacobian in their kinematics-based ap-
proach. Cheng [3] performed an analysis and handling

method on PUMA 560 also by releasing the exactness
in the singular direction and providing the extra re-
dundancy to the achievable direction. Oetomo, Ang
and Lim [4] removed the degenerate components from
the Jacobian matrix and performed the dynamically
consistent inverse [5] to obtain the inverse of Jacobian
matrix. The method was implemented in the opera-
tional space formulation [6], which enabled singularity
handling while performing motion and force control.

These methods divide the whole workspace into two
sub-spaces: the singular region (in the vicinity of sin-
gularity) and the non-singular region. An issue with
this approach is the switching of control algorithms
causing discontinuities as the manipulator goes in and
out of the singular regions.

There are other methods whereby no region is de-
fined in the vicinity of singularities. In Nakamura [7],
damped least-squares method was used to obtain a
modified Jacobian that is not singular. Kircanski [8]
utilized the Singular Value Decomposition (SVD) and
replaced the zero singular value at the diagonal matrix
with a continuous function of non-zero value.

Other efforts incorporate the handling of singulari-
ties into the design of their manipulators, for example
by designing a redundant spherical wrist (4 joints) [9],
or by designing a manipulator with isotropic Jacobian
matrix, so its inverse is equal to its transpose [10].

The method proposed in this paper is to supply
additional rank to the Jacobian matrix to maintain
its rank, even in singular configurations. This can
also be thought of as introducing virtual joint(s) to
handle the lost degree(s)-of-freedom in the vicinity of
singularities. These joints only exist computationally,
not physically. Therefore, at singular configuration,
the manipulator is still not able to perform any tasks
in the degenerate directions although the inverse of
the Jacobian matrix exists. This would prevent the
manipulator from going into excessive joint rates (or
unstable regions). The advantage of this method is
that there is no division of workspace or switching
of control algorithms, therefore resulting in smoother



performance and simpler method.
An immediate issue with this method is that we do

not want the robot to rely on the virtual joints to com-
plete its tasks, a case that would adversely affect the
tracking performance, since the virtual joints do not
actually exist. Dynamics-based null space projection
is then used to force the torque command assigned to
the virtual joints to zero, therefore fully utilizing the
physically existent joints.

The algorithm is evaluated in simulation and imple-
mented on the PUMA 560 manipulator. The results of
the real-time experiments are presented in this paper.
We use the operational space formulation to achieve
unified force and motion control [6]. The robot dy-
namics in operational space is derived using the mod-
ified Jacobian (with virtual joints). Force and motion
control without interference from the virtual joints are
realized using null-space projection of the virtual joint
motions, thus enabling smooth motion across singu-
larities in both motion and force control tasks. The
method could easily be implemented in other control
algorithms such as the resolved motion rate control.

2 Virtual Joints

When singularity happens, the manipulator loses
its degree(s)-of-freedom, and the Jacobian matrix
loses its rank(s) accordingly. In this condition, the
inverse of the Jacobian matrix no longer exists. As
the inverse of Jacobian matrix is essential in trans-
forming control commands from Cartesian space (in
which our tasks are specified) to joint space (in which
the robot joints are controlled). It is desired to have
a Jacobian matrix whose inverse always exists.

The method proposed is to supply the Jacobian
matrix with extra column(s), that would guarantee
that the Jacobian always has full rank even when in
singular configuration. This is done by placing ’vir-
tual joints’ in the Jacobian matrix to replace the lost
DOF when singularity occurs. This expands the Ja-
cobian matrix from its original size of m×n matrix to
m × (n + v) matrix. m is the dimension of the tasks
specified, which is usually 6, representing 3 DOFs for
translation (position) and 3 DOFs for orientation. n
is the number of joints the manipulator possesses. v
is the number of extra (virtual) joints that is to be
added into the system.

Figure 1 shows a two-link planar robot in singular
configuration (left). This is a boundary singularity.
The degree of freedom lost in this case is the ability to
translate along the line described by the straight arm.
However, if more degrees of freedom were added to
the system, for example: two prismatic joints (Figure

1 center), the robot can now translate anywhere even
when the arm is straightened (assuming the prismatic
joint does not reach its limit). A more efficient way
would be to identify the lost degree of freedom at such
singular configuration and to supply an extra DOF
in this direction with a virtual joint (Figure 1 right),
which is a prismatic joint to allow the end-effector to
translate along the lost DOF.

Figure 1: Example of a two-link planar manipulator in
singular configuration and its lost DOF (left), and two
ways of supplementing virtual joints into the system,
where circles represent the revolute joints and squares
represent the prismatic (virtual) joints

As the modification is done permanently to the
Jacobian matrix, the matrix would never be singu-
lar, the control algorithm is uniform throughout the
workspace. This eliminates the switching of control
algorithm as found in some other methods, as men-
tioned in the introduction.

It should be noted that although the Jacobian ma-
trix is made invertible at singular configurations, the
virtual joints still do not exist physically, therefore the
manipulator still can not perform tasks along the di-
rections of the lost degrees-of-freedom.

The control algorithm would produce a command
vector of size (n+v) by 1, containing commands to be
sent to individual joints (motors). In our case of op-
erational space formulation, it would be a torque vec-
tor. The elements corresponding to the virtual joints
are therefore ignored and only those corresponding to
physically existing joints would be sent accordingly.

3 Avoiding Assignment of Command
to Virtual Joints

The Jacobian matrix is a mapping from the joint
space to the task space velocities. When there are
more joints that the number degrees-of-freedom re-
quired by the task, the Jacobian is now considered
’redundant’. In a redundant system, there are many
solutions in the joint space that would map onto the
desired path of the end-effector in task space. We can
choose one set of the solution by having the desired be-



havior of the extra joints projected into the null space
of the Jacobian.

In our case, the joints added to the system are
virtual, and they only exist computationally and not
physically. As the manipulator is now described as
having real and virtual joints, there is an issue whereby
the manipulator might rely on the non-existent joints
to complete the specified task. Some non-zero torque
values may be assigned to the virtual joints in its at-
tempt to track the given trajectory. This would have
an adverse effect on the tracking performance of the
robot.

Since the Jacobian is now redundant, the problem
mentioned above can be prevented by choosing a set
of solutions where the desired null space behavior is
to have the virtual joints stationary at zero position.
This keeps the virtual joints unused in completing the
specified task and assigns the roles of completing the
desired trajectory to the existing joints.

This is different from simply setting the torque
or velocity command values to the virtual joints to
zero. If a solution in the joint space (joint command)
has been obtained by including the virtual joints as
real joints, setting command values to these joints to
zero would produce incomplete actuation for the end-
effector to follow the task space trajectory. Using null
space projection, however, the velocity of the virtual
joints can be made zero, while maintaining the result-
ing forces/velocity at the end-effector.

The null space behavior is specified by defining a
potential function as follows:

V0(q) =
1
2

∑
i

ki[f(qi) − f(qi(desired))]2 (1)

where V0(q) is the potential function, ki is a constant
gain. To obtain the desired null space behavior, which
is to keep the virtual joints stationary at zero, the
potential functions are defined as:

V0(q) =
1
2

∑
i

ki[qi − qi(desired)]2 (2)

where qi are the joints that we would like to control
in null space, which in this case, are the virtual joints.
qi(desired) are the desired values of these joints, which
are set to zero.

The gradient descent of the potential functions are
then used as null space torque or velocity to be pro-
jected into the null space of the Jacobian. The details
are given in section 4.

4 Implementation Example on PUMA
560

The algorithm above was implemented on the
PUMA 560 manipulator. The frame assignments
are shown in Figure 2 using the modified Denavit-
Hartenberg (DH) convention and the parameters can
be found in [11]. To simplify the identification of sin-
gularities, the control reference point of the manipula-
tor is transformed to the center of the spherical wrist,
resulting in a decoupled Jacobian [12]:

Jd =
[

J11 03x3

J21 J22

]
(3)

Singularities are identified by evaluating the de-
terminants of J11 and J22 representing posi-
tion and orientation singularities respectively [12].
The PUMA 560 has the following singularities:
wrist : S5 = 0 orientational
elbow : d4C3 − a3S3 = 0 positional
head : d4S23 + a2C2 + a3C23 = 0 positional

Figure 2: PUMA and the frame assignment used
in the experiment, where a2=0.43m, a3=-0.0203m,
d2=0.2435m, d3=-0.0934m, and d4=0.4331m

The following example shows the handling of wrist
singularity in detail. Equation 4 shows the lower right
quadrant of the Jacobian matrix (4J22), expressed in
Frame{4}. When wrist singularity occurs, S5 = 0, and
the first row of this matrix is all zeros, therefore the
determinant of the Jacobian is zero.

4J22 =


0 0 S5

0 1 0
1 0 C5


 (4)

This row of zeros corresponds to the rotation around
the X-axis of Frame{4} (see Figure 3 (a)), which is
the lost degree of freedom, i.e, the end-effector can not
rotate around X-axis of Frame{4} at wrist singularity.



In a design by [9], a four jointed spherical wrist was
designed to handle the problem of singularity. In our
method, a virtual revolute joint is added to compen-
sate for the lost DOF. The diagram of the wrist with
the virtual joint added is shown in Figure 3 (b).

Figure 3: The diagram of the PUMA spherical wrist
(a), and the wrist with added virtual joint (b)

Since the modified DH parameter requires choos-
ing axis xi−1 along the common normal of axes zi−1

and zi, (with direction from joint i − 1 to joint i) the
addition of virtual joint requires reassignment of DH
frames. The new frame assignment for the wrist is
shown in Figure 3 (b).

The additional joint is reflected on the lower right
quadrant of the Jacobian with respect to Frame{4}:

4J22v =


0 0 −S5 −S5C6

0 −1 0 S6

1 0 C5 C5C6


 (5)

where 4J22v is the virtual-joint-supplemented version
of 4J22, with the system assumed to be a 7-jointed
mechanism.

The operational space formulation [6] was imple-
mented in our system. The general equation relating
the forces and torques to be sent to the robot joints
is:

Γ = JT F + N T Γ0

N = [I − J̄J ] (6)

where F is the operational space force vector that in-
corporates robot dynamics and the control law for mo-
tion and force tracking , Γ is the torque vector to the
sent to the joints, and Γ0 is the null space torque,
which is the gradient descent of the potential func-
tions to control the null space behavior of the system:

Γ0 = −∇V0(q) = ki(qi − qi(desired))Z (7)

Z is a vector of size n + v: Z = [z1z2...zn+v]T , where
zi = 0 if qi is a real joint and zi = 1 if qi is a virtual

joint. For the inverse of the Jacobian, we use the the
dynamically consistent inverse J̄ to ensure null-space
dynamics does not interfere with the end-effector dy-
namics. [5].

When implemented in velocity control, the equation
would be defined as:

δq = J̄δx + N δq0 (8)

where δq is the joint velocity vector, δx is the cartesian
velocity vector, and

δq0 = −∇V0(q) (9)

The other two singularities (head and elbow) are
position singularities (causes one or more of the top
three rows of the Jacobian matrix to be zero). The
same method as that in handling wrist singularity can
be applied. However, it was shown in [4] that the lost
DOF for elbow singularity (when elbow is straight-
ened) is of very complex expression. This is because
the singular direction is not aligned with any axes of
the frames defined by the DH convention. Transform-
ing the Jacobian into this frame can result in a very
complicated matrix.

Following the example described in Figure 1, a
more straight forward method can be done by adding
three prismatic (virtual) joints with respect to the base
frame, as opposed to supplying only two in the direc-
tion of lost degrees of freedom (for head and elbow
singularities).

The resulting frame assignment is shown in Fig-
ure 4, where Z1v,X1v, Z2v,X2v, Z3v,X3v denotes the

Figure 4: Three prismatic virtual joints added to the
base to handle position singularities.

frames of the virtual prismatic joints. The dia-
gram continues to the rest of the PUMA robot, with



Frame{1} (denoted by Z1,X1) is the Frame{1} of
PUMA robot as shown in Figure 2.

To incorporate the virtual joints to handle all the
singularities (wrist, elbow, and head), the PUMA is
now regarded as a 10-jointed mechanism, with the vir-
tual joints labelled as joints 1, 2, 3, and 8. This results
in the following 6 × 10 Jacobian matrix:

J =




0 1 0 | |
1 0 0 | J11 | 03×4

0 0 1 | |
−− −− −− | − −−− | − −−−

03×3 | J21 | 0J22v




(10)
where J11 and J22 is as defined in (3).

The potential function projected into the null space
to prevent the virtual joints from being relied upon to
complete the task can be designed for the prismatic
joints as:

V0(q) =
1
2

∑
i

ki(qi − qi(desired))2 (11)

where V0(q) is the potential function for the virtual
joints d1, d2, d3 and q8, di denotes prismatic joint and
qi revolute. The desired values are all set to zero.

5 Implementation Results

Figure 5: The trajectory of the PUMA in going
through the combined wrist, elbow, and head singu-
larities

Two sets of experimental results are presented in
this paper. Figure 6 shows the performance of PUMA
as it goes through a wrist singularity, and Figure 7 as it
goes into a combined wrist, elbow and head singularity
(when it points straight up vertically) and out of it (see
Figure 5).

The PUMA is now regarded as a 10-joint mech-
anism, with original PUMA joints labelled as joint
4,5,6,7,9, and 10, and virtual joints as joint 1,2,3, and
8.

Figure 6: The result of the experiment, on tracking a
trajectory through wrist singularity.

In going through the wrist singularity, the trajec-
tory is a vertical path in X-Z plane with respect to
the base frame (constant X, constant Y, increasing Z).
(Figures 2 and 4 show the definition of base frame.)

The robot is shown to go through the wrist singu-
larity, as in the bottom plot of Figure 6, where the
wrist joint goes through θ9 = 0. The top plot shows
the tracking error of the end-effector from the desired
trajectory. Since the path is in increasing Z direction,
while maintaining constant X and Y, little error was
observed in X and Y direction. Maximum error of 0.2
mm in the Z-axis is comparable to the performance of
the robot while tracking a non-singular path. Veloci-
ties for joints 7 and 10 of the PUMA robot (see Figure
2 for frame assignment) were shown to be stable. No
sudden change or excessive velocity was observed (sec-
ond and third plots in Figure 6).

Similar result are observed (Figure 7) as the robot
follows a trajectory in X-Z plane to go into wrist, el-
bow and head singularity and out again (see Figure 5).
The task space tracking performance (Figure 7 top) is
comparable to that in non-singular path. The second
and third plots of Figure 7 show that there is no sud-
den jerks or excessive joint rates while the robot goes
through singularity. The plot of the determinant of
the Jacobian matrix (Figure 7 confirms that the robot
went through the singularity.



Figure 7: The result of the experiment, on tracking a
trajectory through combined wrist, elbow, and head
singularity.

6 Conclusion

The singularity handling method proposed in this
paper is to supply ’extra joints’ to the system in
the lost degrees-of-freedom. This prevents the Jaco-
bian from going rank-deficient as the manipulator en-
ters singularity. Null space projection together with
proper choice of potential functions to control the vir-
tual joints ensure that the tasks are not compromised.
The method has been shown to work well, and is able
to go through singular configuration in a stable man-
ner. The advantage is shown in the result as having
a smooth continuous motion through the singular re-
gion, as there is no switching in control algorithm in
the vicinity of singularity. Task in the lost degree-of-
freedom during singular configuration is still not fea-
sible.
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