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Abstract − This paper presents an operational space output 
feedback controller for non-redundant robot manipulators to 
achieve trajectory tracking without velocity measurements. 
The overall system can achieve a semi-global exponential 
stability (SGES) result for the position, orientation and velocity 
tracking errors as well as velocity observation errors. 
Experimental results of the proposed controller indicate good 
position and orientation tracking performance under 
parametric uncertainty and payload variations.  
 

I. INTRODUCTION 
 
    Adaptive control of robot manipulators based on joint 
position and velocity measurements has been dealt with in 
great detail in the literature. In practice, many robotic 
systems are equipped with only high-precision link position 
measurement devices. Sensors to measure joint velocity are 
expensive and often contaminated by noise. Thus, a 
common practice is to approximate the velocity using 
backwards difference algorithm based on the joint position 
information, and use this estimation to design a controller. 
However, this approach cannot guarantee the closed-loop 
stability of the overall system. Moreover, it ignores the 
dynamic effect because of the position linearization across 
each sampling interval. Hence, it has limited applications in 
high precision control. 
    To overcome this drawback, some researchers have 
proposed advanced robot controllers that do not rely on link 
velocity measurements [1], [2], [3]. A detailed review on this 
topic can be found in [4]. In [5], a joint space controller 
based on an observed integrator backstepping technique was 
presented. This controller can achieve SGES result for the 
link position tracking error and the velocity observation 
error. The controller has then been further extended to the 
robot manipulator models that include actuator dynamics 
and joint flexibility [4], [6], [7].  
    However, in many robotic applications, tasks are defined 
in operational space [8]. Thus, it is more convenient to 

design a controller in the same space. Recently, a method for 
task space position tracking via quaternion feedback was 
presented in [9]. Pagilla et al. designed an adaptive output 
feedback controller which is shown to be semi-global 
asymptotically stable [10]. An observer-controller designed 
for task space tracking control using unit quaternion was 
proposed in [11].  
    Based on the controller structure presented in [5], we 
redesigned an output feedback controller in operational 
space. Simulation results indicated that, compared with the 
conventional computed-torque PD control using backwards 
difference approach to estimate velocities, the proposed 
controller can achieve higher position tracking accuracy 
under parametric uncertainty and payload variations [12]. 
This paper presents the implementation issues of the 
controller proposed in [12]. Experimental results verified the 
effectiveness and robustness of the proposed controller.  

 
II. ROBOT DYNAMIC MODEL 

 
    In operational space [8], the end-effector equation of 
motion can be expressed as: 
 

FxGxxxBxxA =++ )(),()( &&&&  (1)
 
where F  is the 1×n  operational force vector, x  is the 1×n  
vector describing the position and orientation of the 

end-effector, )(xA  is the nn×  kinetic energy matrix, ),( xxB &  

is the nn×  centrifugal and Coriolis matrix, and )(xG  is the 

1×n  vector of gravitational forces. 
The end-effector velocity is related to joint velocity by: 

 
qqJx && )(=  (2)

 

where )(qJ  is the basic Jacobian of a robot, q  represents 
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joint position vector, and q&  represents joint velocity vector. 

   Joint torque and operational force vector is related by: 
 

FJ T=Γ  (3)
 
III. PROPERTIES OF A ROBOT DYNAMIC MODEL 
 
    Property I: The nn×  kinetic energy matrix )(xA  defined 

in (1) satisfies the following inequality [14]: 
 

nT zzmzxAzzm ℜ∈∀≤≤ 2
2

2
1 )(  (4)

 

where 1m  and 2m  are known positive scalar constants. .  

represents the standard Euclidean norm. 

    Property II: For non-redundant robots, ),( xxB &  in (1) 

satisfies the following relationships [12]: 
nT zzxxBxAz ℜ∈∀=− 0)],()(

2
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(5)
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and 
xxxB ci
&& ζ≤

∞
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where 
cζ  is a known positive scalar constant and 

∞i
.  

represents the matrix induced infinity norm [15]. 
 

IV. OUTPUT FEEDBACK CONTROLLER 
 
    The control objective is to develop an end-effector 
position and orientation tracking controller in operational 
space for the robot described by (1) with position 
information only.  
    First, define the 1×n  end-effector position and orientation 
tracking error as: 

xxe d −=  (8)

where 
dx  represents the desired end-effector position and 

orientation trajectory. The requirement for the trajectory is 

that 
dx  and its first and second derivatives are all bounded 

function of time. We can place the following bound for 
dx : 

ddx ζ≤&  (9)

where 
dζ  is a known positive scalar constant. 

 
A. Velocity Observer Formulation 

 
    To estimate the end-effector velocity measurements, we 
use the following second order velocity observer: 
 

xkyx ~ˆ +=&  (10)
)](ˆ)ˆ,()[(1 xGxxxBFxAy −−= − &&&  (11)

where 
xxx ˆ~ −=  (12)

 

y  is an 1×n  auxiliary variable, and k  is a positive scalar 

constant defined by: 
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(13)
      
    F  in (11) is the control input to the observer, it is 

generated by the controller indicated by (15). ,0k  
sk  and 

nk  

are positive scalar control gains,  
cζ  and 

dζ  are declared in 

(7) and (9) respectively. Differentiating (12) with respect to 
time, we can form the following velocity observation error: 
 

xxx &&& ˆ~ −=  (14)
 
B. Controller Formulation 

 
    Based on the structure of the above observer, we use the 
following controller to generate the required force: 
 

epnds wkkF ++= η)(  (15)
 

where 
ndk  is a positive controller gain defined as: 

 
nscnnd kkmmkkkk 2

220 )(2 +++= ζ  (16)
 

and the 1×n  auxiliary terms,
pη  and 

ew  are defined as: 

 
xekx sdp
&& ˆ−+=η  (17)
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The force F  command will be used for the observer 
indicated by (10) and (11). And the torque command for 
driving the robot can be obtained by (3). 

 
V. STABILITY RESULT 

 
For the observer and controller presented in the previous 

section, if the exact model of a robot is known, then the 
position and orientation tracking error defined in (8) is 
SGES according to the following theorem [12].  

Theorem: Provided the output feedback controller gains 
satisfy the following sufficient conditions: 
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the closed-loop observation tracking error system is SGES 
as illustrated by: 
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n
s k

kmm 1,},1,max{},1,min{ 3
2

3
2211 −==== λ

λ
λ

λλλ  
(21)

nTTT
p

T xeerr 3]~[ ℜ∈= &η  (22)

 
    The overall system stability analysis can be found in [12]. 

 
VI. FORMULATION OF ESTIMATION ERROR 

 
    To facilitate the estimation error formulation, we rewrite 
(10) as following: 
 

)ˆ(ˆ xxkyx −+=&  (23)
 
    To formulate the position and orientation estimation error 
in close form, we rewrite (23) as following: 
 

)]ˆ(ˆ)([ˆ)( qxqxkyqqJ −+=&  (24)
 

where q̂  is the 1×n  vector of the estimated joint positions, 

q&̂  is the 1×n  vector of the estimated joint velocities. 

    We assume that a robot always works in a non-singular 

region so that the inverse of )(qJ  is possible, and for a 

non-redundant robot, the mapping from x&̂  to q&̂  is unique. 

Rewrite (24) as: 
)]}ˆ(ˆ)([){(ˆ 1 qxqxkyqJq −+= −&  (25)

 

From (25), we can get the estimated joint positions q̂ , and   

x̂  can be expressed explicitly as a function of q̂ . 

Since the actual joint positions information are available, 
the actual position and orientation of the end-effector can be 
obtained by evaluating the homogeneous transformation 

matrix )(qT  of a robot:  
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Similarly, from q̂ , the estimated position and orientation 

of the end-effector can be written as:  
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    The position estimation error can be easily expressed as: 
    

[ ]Tzzyyxx ppppppp ˆˆˆ −−−=δ  (28)

 
    The orientation estimation error can be expressed as [13]: 
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(29)



    And the close form of the position and orientation 
observation error can be written as: 
 

[ ]TTTpx δφδ=~  (30)

 
VII. EXPERIMENTAL RESULTS 

 
    The experiment was performed using PUMA 560 robot as 
shown in Fig. 1.  
     We bypassed the original motion controller card of 
PUMA 560 and use Servo To Go controller card to control 
the robot. Our real-time robotic control software runs under 
Windows NT 4.0 with RTX 4.3.2.1. The PC used is a 
dual-processor 800MHz PC, and the sampling time is 
selected to be 1ms. 

Our task is to move the end-effector with the desired 
position trajectory indicated by (31) while maintaining the 
initial end-effector orientation all the time. 
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where 
0Px , 

0Py  and 
0Pz  are the initial positions of the robot.     

The exponential terms are to ensure that the initial desired 
velocities and accelerations are all zeros. 

In our experiments, we used the combination of (25) and 
(11) to form our velocity observer, and use (28), (29) and 
(30) to form the position and orientation estimation error. 

 
 

 
Fig. 1 Experimental setup of PUMA 560 

 

A. Tracking Error Formulation 
 

    In section 4.2,  the proposed controller needs to use 
dd xx &,  

and 
dx&&  to generate the required force commands. For 

position control, we can get the desired end-effector position, 
linear velocities and accelerations from (31). The position 

tracking errors 
pose  can be easily obtained by: 

[ ]Tzdydxdpos pPzpPypPxe −−−=  (32)

 
    For orientation control, since the task is to maintain the 
initial end-effector orientation during position tracking, the 
desired end-effector angular velocities and accelerations are 

just zeros. And the orientation tracking errors 
orie  can be 

expressed as [13]: 
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where the initial end-effector orientation can be obtained  

from the robot homogeneous transformation matrix )(qTini
:  
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B. Experimental Results with Parametric Uncertainty 

 
    In order to adjust the commanded force in different 
directions separately, we selected different values for the 
diagonal terms of the diagonal gains matrices. 

To test what are the smallest tracking errors that can be 
achieved by the proposed controller, we increased the 
controller gains until the robot started to vibrate, the gains 



used are listed in (35): 
 

         }66,66,66,220,220,220{diagknd =  
         }60,60,60,200,200,200{diagk =  
         }54,54,54,180,180,180{diagks =  

(35)

 
    In order to make comparison, we also implemented the 
controller indicated by (15), (16), (17) and (18) but the 
estimated velocities in (18) were replaced by that obtained 
from backwards difference plus a low pass filter with cutoff 
frequency of 100Hz, and we called it the backwards 
difference controller. During the experiments, we found that 

the controller gains values 
sk  and 

ndk  indicated in (35) were 

too high for the backwards difference controller, they caused 
the system to vibrate. We then selected the gains listed in 
(36) in order to reduce vibration: 
 
         }12,12,12,20,20,20{diagknd =  
         }30,30,30,90,90,90{diagks =  (36)

 
The experimental results are shown in Table I and Fig. 2. 

Where OFB stands for the output feedback controller, and 
BD for the backwards difference controller. 

The results show that, using the proposed output feedback 
controller, the maximum position and orientation tracking 
errors are about 1.4 to 3.5 times smaller than that of the 
backwards difference controller. 
 

TABLE I 

MAXIMUM POSITION AND ORIENTATION TRACKING ERRORS 

 
 xe  

ye  
ze  xδ  

yδ  
zδ  

OFB 0.7mm 0.5mm 0.5mm 0.08° 0.04º 0.09º 
BD 1.0mm 0.7mm 1.5mm 0.20° 0.14º 0.22º 

 

 
Fig. 2 Tracking errors with parametric uncertainty 

C. Experimental Results with Payload Variations 
 

    To examine the performance of the proposed output 
feedback controller and the backwards difference controller 
under payload variations, a payload of 1.5kg was attached to 
the end-effector of PUMA 560. Using the same gains as 
listed in (35) and (36) for the output feedback controller and 
the backwards difference controller, respectively, the 
experimental results are shown in Table II. 
    The results show that, using the output feedback controller, 
the maximum position and orientation tracking errors are 
about 2.4 to 9.2 times smaller than that of the backwards 
difference controller. 
    Remark I: The experimental results indicate that, 
compared with the backwards difference controller, the 
output feedback controller seems less sensitive to payload 
variations, which indicates that the proposed output 
feedback controller maybe robust against parametric 
uncertainty and payload variations. The limitation of the 
backwards difference controller in compensation of 
parametric uncertainty and payload variations is because of 
its linear behavior. While the output feedback controller is 
designed to mimic the dynamic behavior of a robot, the 
position and orientation tracking performance can be better 
if the robot dynamic model is accurate enough.  

    Remark II: Note that the gains k  in (13) and 
ndk  in (16) 

are selected directly rather than calculated online. 
Remark III: The proposed output feedback controller 

seems complex, but it is easy to see from (10), (11) and (15) 
that this controller only requires the selection of three 

controllers gains kknd ,  and 
sk . After examining (13) and 

(16), it is easy to see that 
snd kkk >> . But in our 

experiments, even if the gains selection does not meet the 
above mentioned constrain, the robot still works well. We 
mention it here to indicate that, owing to the conservative 
nature of the Lyapunov stability analysis, the gains condition 
is treated as selection guideline rather than an absolute 
mandate. 

TABLE II 

MAXIMUM POSITION AND ORIENTATION TRACKING ERRORS   
  

 xe  
ye  

ze  xδ  
yδ  

zδ  
OFB 0.8mm 0.5mm 0.7mm 0.07° 0.04º 0.10º 
BD 1.9mm 1.4mm 3.1mm 0.30° 0.37º 0.33º 



    Remark IV: The gain condition given by (19) implies that 

0k  can be selected to cover any set of initial condition of the 

error vector )(terr . In addition, from (20) and (21) we can 

see that, the exponential transient response of end-effector 
position and orientation tracking errors can be sped up by 

increasing the controller gains 
sk  and 

nk . 

Remark V: To get the estimated joint velocity q&̂  from (25), 

the inverse of )(qJ  is required, and we need to control robot 

motion to avoid the singular region of a robot. 
 

VIII. CONCLUSIONS 
 
In this paper, we present the implementation issues of an 
operational space output feedback controller for 
non-redundant manipulators. Compared with the same 
design technique in joint space, operational space controller 
design is more practical. And experimental results verify the 
robustness and good position and orientation tracking 
performance of the nonlinear controller under parametric 
uncertainty and payload variations.  
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