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Abstract— An operational space dynamic model of a redun-
dantly actuated wheeled mobile robot taking into account the
wheel-ground interaction is derived based on vehicle dynamics.
The conditions for the robot to avoid slip are derived for both
torque and motion. Two torque distribution schemes based on
different criteria are proposed. The non-slip condition for motion
is utilized to plan slip avoidance paths. The null space joint
torques are utilized to fulfill the non-slip condition for torque
and avoid actuator torque limits violation. Simulations results are
presented to demonstrate the effects of wheel-ground interaction
and performance of the proposed torque distribution schemes.

I. INTRODUCTION

An omnidirectional mobile robot (Fig. 1) with four Powered
Caster Wheels (PCW) was developed. The robot is character-
ized by its omnidirectional mobility, high payload (200 kg)
and actuation redundancy.

Fig. 1. Omnidirectional mobile robot with 4 powered caster wheels.

Kinematic and dynamic modelling of this kind of robots are
well studied in the literature [1]–[5]. However, these literature
implicitly assume single point contact between the wheel and
ground. Under this assumption, the kinematic and dynamic
models were derived based on the pure rolling without slipping
condition. Such an condition may not be true in real situations
and experimental results have shown that wheel motion may
suffer significant slip using control algorithms based on the

simplified models [6], [7]. This is due to the fact that the
condition for the wheel to satisfy the pure rolling without
slipping constraint are seldom studied in the literature. The
actual wheel-ground interaction needs to be considered in
order to improve the robot motion control.

The topic of wheel-ground interaction is under the inves-
tigations of “Vehicle Dynamics” [8], [9]. For the purpose of
practical use, simplified vehicle dynamic models are applied
to model the wheel-ground interaction in this paper. Based on
vehicle dynamics, explicit conditions for the wheel to satisfy
the pure rolling without slipping constraint are derived for
both motion and torque. The actuation redundancy of the
robot is then resolved to fulfill the non-slip conditions. The
contributions of this paper are, firstly, the derivation of a
more realistic dynamic model and non-slip conditions based
on vehicle dynamics; secondly, the derivation of the dynam-
ically consistent generalized inverse for a redundant mobile
robot with passive joints; lastly, the utilization of actuation
redundancy of the robot for torque distribution problem.

This paper is organized as follows. Sec. II presents the
kinematic and dynamic modelling of the robot under the pure
rolling without slipping constraint. Sec. III models the wheel-
ground interaction based on vehicle dynamics and derives
the non-slip conditions. Two torque distribution schemes are
proposed in Sec. IV followed by the simulation results in Sec.
V. The paper is concluded in Sec. VI.

II. MOTION SYNTHESIS WITHOUT WHEEL-GROUND

INTERACTION

A. Kinematic Modelling

The mobile robot shown in Fig. 1 consists of 4 PCWs,
each actuated by two motors: one for rolling and the other for
steering. Fig. 2 shows the frame assignments and parameter
definitions of the overall mobile robot.

A powered caster wheel is modelled as a 3-DOF serial
manipulator and only the rolling ρ and steering φ joints
are actuated while the twisting joint σ is passive [10]. The

Proceedings of the 2006 IEEE International Conference on Robotics and Automation
Orlando, Florida - May 2006

0-7803-9505-0/06/$20.00 ©2006 IEEE 3362



XBYB

B

O XO

YO

C1

S1

C2

S2

C3

S3

C4

S4

θ

φ1

σ1
rρ̇1

−β1

−β2
β3

β4

Wheel 1

Wheel 2

Wheel 3

Wheel 4

Mobile Platform

v
ω

Fig. 2. Frame assignments, parameter and variable definitions of the mobile
robot shown in Fig. 1.

differential kinematics of one wheel module is given as:

ẋ = Ji.q̇i (1)

where ẋ = [v, ω]T ∈ R3×1 describes the motion of the base
w.r.t. the base frame B; q̇i = [σ̇i, ρ̇i, φ̇i]T describes the wheel’s
joint motion and Ji, the jacobian for wheel i (i = 1, · · · , 4)
is given as:

Ji =

⎡
⎣ hSβi + bSβi−φi −rCβi−φi hSβi

−hCβi − bCβi−φi −rSβi−φi −hCβi

1 0 1

⎤
⎦ (2)

where r and b are caster wheel radius and offset; h and βi are
location parameters for wheel i w.r.t. the base frame B; φi is
the steering angle; S∗ and C∗ denote sin(∗) and cos(∗) for
scalar ∗ respectively.

It is easy to verify that the determinant of matrix Ji is −br
which implies that Ji is always invertible.

It is shown in [11] that the differential kinematics of the
overall robot is given as:

Aẋ = Bq̇ (3)

where A ∈ R8×3 and B ∈ R8×8 are the forward and
inverse kinematic matrices of the robot respectively; q̇ ∈ R8×1

describes the motion of all the joints of the robot; It is shown
in [11] that A+ (pseudoinverse of matrix A) always exists
and matrix B is always invertible. For convenience, we define
JI = B−1A as the inverse jacobian and JF = A+B as the
forward jacobian of the robot. Note that [ ]+ in this paper
denotes the pseudoinverse of quantity [ ].

B. Dynamic Modelling

The dynamic model of each PCW module using Opera-
tional Space Formulation [12] is derived as:

Fi = Λi(x)ẍ + μi(x, ẋ) + ηi(x) (4)

where Fi, Λi, μi and ηi are resultant force vector, kinetic
energy matrix, Coriolis/centrifugal force vector and gravity
force vector for wheel i (i = 1, · · · , 4) in operational space
respectively.

The mobile robot can be considered as 4 cooperative manip-
ulators (PCWs) grasping a common object at the end-effectors
(center of the mobile robot). The Augmented Object Model
states that the dynamics of the composite system is found by
summing the operational space dynamics of the load and each
of the robot [13]. So the augmented kinetic energy matrix
Λ�(x), augmented Coriolis/centrifugal force vector μ�(x, ẋ)
are given as:

Λ�(x) =
∑

Λi(x) + Λl(x) (5)

μ�(x, ẋ) =
∑

μi(x, ẋ) + μl(x, ẋ) (6)

where Λl(x) and μl(x, ẋ) are kinetic energy matrix and
Coriolis/centrifugal force vector of the load with respect to
the operational point. The gravity force is ignored since the
mobile robot is assumed to move on horizontal surface.

The dynamic formulation of the augmented system in
operational space is then given as:

F � = Λ�ẍ + μ� (7)

The implementation of above dynamic model in the control
of the mobile robot (Fig. 1) is presented in [7], where
experimental results show that slip occurs under conventional
methods of control. That is expected since the wheel-ground
interaction was not considered.

III. VEHICLE DYNAMICS ANALYSIS

A. Resistance to Wheel Motion

Assuming the wheel plane remains perpendicular to the
ground, the motions of a PCW w.r.t. the ground occur in two
directions (Fig. 3): ρ̇, rotation about the rolling (horizontal)
axis ŷC ; and σ̇, rotation about the twisting (vertical) axis ẑC .
Q is the vertical force that the robot exerts on the ground. Note
that the steering motion of a PCW i.e. φ̇, is the relative motion
between the wheel and the chassis of the mobile platform, thus
it is not generated by the wheel-ground interaction.

r

MT

MR

Q

x̂C

ẑC

ŷC

FR

φ̇

ρ̇

σ̇

b

Fig. 3. Motion resistance forces/moments on a powered caster wheel

The rolling motion generates a horizontal reactive force
FR and a horizontal reactive moment MR while the twisting
motion generates a pure reactive moment MT in the vertical
direction. Ignoring the aerodynamic forces and other external
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forces and assuming the ground is horizontal and does not
deform, the above three quantities are defined in vehicle
dynamics literature (e.g. [14]) as:

• Rolling Friction: FR = −sgn(ρ̇)foQx̂C ;
• Rolling Resistance: MR = −sgn(ρ̇)foQrŷC ;
• Turning Resistance: MT = −sgn(σ̇)μoQpẑC .

where fo and μo are the rolling friction coefficient and
cohesion coefficient respectively; r is the wheel radius and
p is the geometrical averaging radius of the contact patch.
The signum function in the formulas shows that the frictional
forces and moments are acting against the particular joint
motions.

In the case of PCW, the rolling resistance MR is overcome
by the rolling joint torque Γρ and the turning resistance MT

is overcome by the steering joint torque Γφ.

B. Dynamics of One Wheel

Without considering the motion resistances and other ex-
ternal forces, the dynamics of a single wheel is given by the
Lagrangian formulation:

Γi = Ii(qi)q̈i + Pi(qi, q̇i) + Gi(qi) (8)

where Γi = [Γρi , Γφi ]T is the actuated joints torque vector;
Ii is the kinetic energy matrix; Pi is Coriolis/centrifugal force
vector and Gi is the gravity force vector. Subscript i denotes
the wheel number.

Ignoring the gravity term (which is zero in our case) and
considering the motion resistances, the dynamics of one wheel
is rewritten as:

Γi = Ii(qi)q̈i + Pi(qi, q̇i) − Mresi (9)

where Mresi = [MRi , MTi ]T is the motion resistance vector.

C. Dynamics of the Robot

Considering the motion resistances as external forces acting
at the operational point, the augmented object dynamic model
of the robot (Eq. (7)) is compensated and rewritten as:

F⊕ = Λ� ẍ + μ� − Fres (10)

where Fres is the resultant force/moment vector generated by
the wheel-ground interaction at operational space. Based on
the force/moment analysis for one wheel in Fig. 3, Fres can
be derived as:

Fres =

⎡
⎣

∑
FRicos(σi)∑
FRisin(σi)∑

(MTi + FRi × pCi)

⎤
⎦ (11)

where pCi is the position vector from the center of the robot
to the center of the contact patch of wheel i.

D. Non-Slip Condition

In order for the robot to move without slipping, joint torques
Γ must be smaller than the moment due to static friction
μQ (μ is the coefficient of static friction). Non-slip condition
(necessary but not sufficient) for joint torques of one PCW
can then be derived as:

Γi <

[
μQr
μQb

]
(12)

Based on Eq. (4) and (8) and ignoring the
Coriolis/centrifugal forces, Eq. (12) can be rewritten
as:

[JT
i Λi]aẍ <

[
μQr
μQb

]
+ Mresi (13)

where [∗]a is defined as the particular rows of matrix or vector
∗ that are corresponding to the actuated joints.

Therefore, non-slip condition (necessary but not sufficient)
for robot motion is obtained as:

ẍ < [JT
i Λi]+a (

[
μQr
μQb

]
+ Mresi) (14)

It can be verified that the pseudoinverse of matrix [JT
i Λi]a

always exists since matrices Ji and Λi are always invertible.

IV. TORQUE DISTRIBUTION BASED ON ACTUATION

REDUNDANCY

Two torque distribution schemes based on different criteria
are presented in this section which are:

• Minimum Torque Norm (MTN);
• Minimum Internal Force and Dynamical Consistence

(MIFDC).

Both torque distribution schemes utilize the null space of
the jacobian or its generalized inverse to fulfill the non-slip
condition and avoid the joint torque limit violation.

The control diagram of the robot is shown in Fig. 4.

PD
Controller Model

Non-Slip
Conditions

Joint Torque
Limits

Torque
Distribution Robot

Forward
Kinematics

+ −
+ +xd, ẋd, ẍd

x, ẋ

q, q̇Augmented Object

(torque)

Non-Slip
Conditions

(motion)

Path
Planner

F� F ⊕

Vehicle
Dynamics

Fig. 4. Control diagram

In the control diagram, the path planner plans desired
trajectories that satisfy the non-slip condition for motion Eq.
(14). The “Torque Distribution” block in the control diagram
can be either of the two torque distribution schemes presented
below.
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A. Minimum Torque Norm (MTN)

The dual form of Eq. (3) for force/torque relationship gives:

F⊕ = JT
I Γ (15)

Therefore, one general solution of Eq. (15) is given as:

Γ = (JT
I )+F⊕ + [E8×8 − (JT

I )+JT
I ]Γo (16)

where E8×8 is an 8× 8 identity matrix; and Γo is an arbitrary
vector.

The first term in the right hand side of Eq. (16) is the torque
component that will generate the resultant operational force
F⊕ while the second term is the torque component in the
null space of matrix (JT

I )+ that generates no effect on F⊕.
The vector Γo is set to zero except the case when the non-slip
condition Eq. (12) is not satisfied or when the joint torque limit
is exceeded. The case when Γo = O provides the solution that
minimizes the joint torque norm ‖Γ‖ [15].

B. Minimum Internal Force and Dynamical Consistence
(MIFDC)

The force/torque relationship in general solution form is
given as:

Γ = JT
F F⊕ + (E8×8 − JT

F J̄T
F )Γo (17)

where J̄T
F is an arbitrary generalized inverse of matrix JT

F .
Vector Γo is chosen in the same way as the MTN scheme.
So in the cases when both slip and torque limit violation are
avoided, Γo is set to be zero and the solution of Eq. (17)
becomes:

Γ = JT
F F⊕ (18)

It is shown in [7] that by using JF = BT A+T , the differences
between every pair of contact forces projected on the line
that connects that pair of contact points are minimized. This
minimizes the internal forces generated on the chassis of the
robot. In the case when Eq. (18) provides the exact solution
for Eq. (15), there is no internal force generated on the
body, i.e. the “rigidity” of the robot is maintained. However,
the operational force that used in [7] didn’t consider the
effects of ground-wheel interaction. Therefore, by replacing
the operational force F⊕ in Eq. (7) with the force in Eq.
(10), Eq. (18) will provide a solution that minimizes the
internal forces generated on the robot body in a more realistic
sense. This is expected because by taking the ground-wheel
interaction into account, the more accurate resultant force in
operational space is modelled.

Below we will derive a unique generalized inverse J̄T
F which

is consistent with the system dynamics.
For wheel i, the relationship between the joint space Eq.

(8) and operational space Eq. (4) dynamic model is expressed
as:

Mi(qi)q̈i+Pi(qi, q̇i)+Gi(qi) = JT
i [Λi(x)ẍ+μi(x, ẋ)+ηi(x)]

(19)
This is the extension of force/torque duality in dynamic case
[12].

Ignoring the gravity term, we can construct the actuated
joints torque vector Γ from Eq. (19) as:

Γ =

⎡
⎢⎢⎣

[
JT

1 Λ1

]
a[

JT
2 Λ2

]
a[

JT
3 Λ3

]
a[

JT
4 Λ4

]
a

⎤
⎥⎥⎦ ẍ +

⎡
⎢⎢⎣

[
JT

1 μ1

]
a[

JT
2 μ2

]
a[

JT
3 μ3

]
a[

JT
4 μ4

]
a

⎤
⎥⎥⎦ (20)

With the definition Λ = (JM−1JT )−1 [12], Eq. (20) can
be rewritten as:

Γ =

⎡
⎢⎢⎣

[
JT

1 (J1M
−1
1 JT

1 )−1
]
a[

JT
2 (J2M

−1
2 JT

2 )−1
]
a[

JT
3 (J3M

−1
3 JT

3 )−1
]
a[

JT
4 (J4M

−1
4 JT

4 )−1
]
a

⎤
⎥⎥⎦ ẍ + Pa (21)

where Pa is the second term in the right hand side of Eq. (20).
Due to the fact that Ji is always invertible and so is Mi,

Eq. (21) can be simplified as:

Γ =

⎡
⎢⎢⎣

[
M1J

−1
1

]
a[

M2J
−1
2

]
a[

M3J
−1
3

]
a[

M4J
−1
4

]
a

⎤
⎥⎥⎦ ẍ + Pa (22)

Eq. (22) can be further simplified as:

Γ =
[

Ma Mp

] [
JI

Jp

]
ẍ + Pa (23)

where Ma is the portion corresponding to the inverse kine-
matic jacobian JI while Mp and Jp are the portions corre-
sponding to the passive components.

Next we equating the right hand sides of Eq. (23) and (17):

(MaJI + MpJp)ẍ +Pa = JT
F F⊕ +(E8×8 − JT

F J̄T
F )Γo (24)

Due to the invertibility of Ji and Mi, (MaJI)+ always
exists. Pre-multiplying both sides of Eq. (24) by (MaJI)+,
we obtain an equation that expresses the relationship between
ẍ and F⊕:

[E3×3 + (MaJI)+MpJp]ẍ + (MaJI)+Pa =
(MaJI)+JT

F F⊕ + (MaJI)+(E8×8 − JT
F J̄T

F )Γo
(25)

It can be verified that [E3×3 + (MaJI)+MpJp] is not
singular since it is equivalent to the kinetic energy matrix
quantity. Thus, in order for the joint torques associated with
the null space in Eq. (25) not to produce any operational
acceleration, it is necessary that

(MaJI)+(E8×8 − JT
F J̄T

F )Γo = 0 (26)

Substituting (MaJI)+ = (JT
I MT

a MaJI)−1JT
I MT

a into Eq.
(26), Eq. (26) is equivalent to:

JT
I MT

a (E8×8 − JT
F J̄T

F )Γo = 0 (27)

Therefore, a unique generalized inverse of JT
F that is

consistent with the system dynamics can be resolved from
Eq. (27) as:

J̄T
F = (JF MaJI)−T JT

I MT
a (28)

By taking the passive joints and wheel-ground interaction
into account, our results complement the work of “Dynamic
Consistency in Multi-Arm System” [16].
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V. SIMULATION RESULTS

All the simulations presented in this section use the control
diagram shown in Fig. 4. Actual parameters of the robot (Fig.
1) shown in Table. I are used in the simulations.

TABLE I

SIMULATION PARAMETERS

parameters values parameters values
r 0.055 (m) fo 0.06
b 0.020 (m) μo 0.4
h 0.219 (m) μ 0.6

mr 0.65 (kg) Q 310.49 (N )
mh 2 (kg) a 0.027 (m)
mb 29 (kg) b 0.021 (m)

In Table. I, mr, mb and mh are the masses of the three
links of a PCW module (a PCW is modelled as a 3 DOF
serial manipulator) while the lengths of the links are r, b and
h respectively.
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Fig. 5. Desired Trajectory

The desired trajectory used in the simulation is shown in
Fig. 5. The robot was commanded to move 2 meters in x
direction and 1 meter in y direction while maintaining the
orientation of the robot. High order polynomials are used
in the trajectory planning such that position, velocity and
acceleration are all smooth. The non-slip condition for motion
Eq. (14) is satisfied by choosing long enough duration of the
trajectory.

A. Effects of Wheel-Ground Interaction

In real situations, motion resistance generated by the wheel-
ground interaction always exists, so the actual governing
dynamic equations of motion of the robot are given by Eq. (10)
rather than Eq. (7). In the case of trajectory tracking, control
algorithms that consider wheel-ground interaction (e.g. Eq.
(10)) are expected to demonstrate better tracking performance
than those that do not consider the wheel-ground interaction
(e.g. Eq. (7)).
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Fig. 6. Tracking errors. MTN-1/2: MTN scheme with/without considering
wheel ground interaction; MIF-1/2: MIFDC scheme with/without considering
wheel ground interaction

Fig. 6 shows the position and orientation tracking errors
of different control schemes which are denoted by MTN-
1, MTN-2, MIF-1 and MIF-2 respectively. MTN-1 (2) de-
notes MTN scheme with (without) considering wheel-ground
interaction while MIF-1 (2) denotes MIFDC scheme with
(without) considering wheel-ground interaction.

It can be observed from Fig. 6 that the tracking errors of
MTN-1 and MIF-1 are much less than that of MTN-2 and
MIF-2. This result shows that both position and orientation
tracking errors can be reduced substantially when the wheel-
ground interaction is considered in both torque distribution
schemes. Also note that the tracking errors are comparable
for MTN and MIFDC schemes.

B. Effects of Torque Distribution

The actuation redundancy of the robot enables us to re-
distribute the joint torques such that non-slip conditions and
actuator torque limit constraints are satisfied. Due to the
utilization of different generalized inverse, the torque redistri-
bution performances of the two proposed schemes are expected
to be different.

We define the overall torque limits as Tlim based on the
non-slip condition and actuator torque limits. In the case when
particular joints violate the overall torque limits, null space
joint torque vector Γo is computed such that those particular
joint torques are regulated to be less than the torque limits
Tlim e.g. p%(0 < p < 100) of Tlim.

Fig. 7 and Fig. 8 show the joint torques using scheme
MTN and MIFDC respectively. Subfigure (a) and (b) in both
figures are cases that are with/without torque limit constraints.
Subfigure (a) in both figures are similar because no null space
joint torque is generated and the difference is caused mainly
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by the weighting effects of matrix B which is relatively trivial.
However, in case when null space joint torque is gener-

ated (due to torque limit violation), the torque distribution
capabilities of the two schemes are quite different which is
shown in subfigure (b) of Fig. 7 and Fig. 8. Although those
violated joints are regulated to be within the torque limit in
both schemes, chattering is observed in case of scheme MTN
(Fig. 7 (b)) while all the joints are within the torque limit
in case of scheme MIFDC (Fig. 8 (b)). This example shows
that scheme MIFDC has better performance in term of torque
distribution than scheme MTN.
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Fig. 8. Joint torques of MIF scheme. (a) without null space joint torques;
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VI. CONCLUSIONS

Based on vehicle dynamics analysis, wheel-ground inter-
action is modelled and compensated in the operational space
dynamic model. Analytical conditions to avoid slipping are
derived for both motion and torque. New torque distribution
schemes are proposed to optimize specific criteria. Future work
is to implement the proposed torque distribution schemes on
the real robot. Another interesting extension would be to detect
the actual slip of the wheels and utilize it to implement traction
control on the mobile robot.
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