
$EVWUDFW7KLV�SDSHU�UHSRUWV�REVHUYDWLRQV�RQ�WKH�IRUP�DQG�EHKDYLRU�RI�WKHFRHIILFLHQW�PDWUL[�LQYROYHG�LQ�WKH�WUDLQLQJ�RI�5DGLDO�%DVLV�)XQFWLRQ�5%)� QHWZRUN� IRU� RQH� GLPHQVLRQDO� OHDUQLQJ� �LQWHUSRODWLRQ�SUREOHP��%DVHG�RQ�WKHVH��WKH�SDSHU�ILUVW�LQWURGXFHV D�IDVWHU�ZD\�IRUWUDLQLQJ� WKLV� SDUWLFXODU� 5%)�� 7KHQ� LW� SURSRVHV� D� JXLGHOLQH� RQFKRRVLQJ� WKH� 5%)� VSUHDG� YDOXH� WR� HQVXUH� QRW� RQO\� D� JRRGDSSUR[LPDWLRQ�TXDOLW\��EXW�DOVR�WKH�OHDVW�VHQVLWLYLW\�WR�SHUWXUEDWLRQVLQ� WUDLQLQJ� GDWD� DQG� QXPHULFDO� LQDFFXUDFLHV� GXULQJ� HYDOXDWLRQ�:LWK� WKHVH� UHVXOWV�� D� VLQJOH� GLPHQVLRQDO� DSSUR[LPDWLRQ�ZLWK�5%)QHWZRUN EHFRPHV VWUDLJKWIRUZDUG� 6HYHUDO� IXQFWLRQ�DSSUR[LPDWLRQH[DPSOHV�DUH�LQFOXGHG�WR�VKRZ�WKH�UHVXOWV�RI� WKLV�SURSRVHG�VSUHDGYDOXH�,QGH[� 7HUPV�5DGLDO� EDVLV� IXQFWLRQ� QHWZRUNV�� LQWHUSRODWLRQ�WRHSOLW]�PDWULFHV��FRQGLWLRQ�QXPEHU���,QWURGXFWLRQ5DGLDO�%DVLV�)XQFWLRQ��5%)��LV�RQH�RI�WKH PRVW�FRPPRQO\�XVHGVXSHUYLVHG� QHXUDO� QHWZRUNV� DOJRULWKP�� &RPSDUHG� WR� 0XOWL� /D\HU3HUFHSWURQ� �0/3��� 5%)�� HVSHFLDOO\� WKH� RQH� ZLWK� *DXVVLDQQRQOLQHDULW\��LV�LQWHUHVWLQJ�PDLQO\�GXH�WR�LWV�ORFDO�VXSSRUW�SURSHUW\�7KLV�SURSHUW\�HQDEOHV�LW�UHSUHVHQW�LQSXW�RXWSXW PDSSLQJ ZLWK�PRUHORFDO� YDULDWLRQV� DQG� GLVFRQWLQXLWLHV� EHWWHU� WKDQ 0/3
V� JOREDOL]HGUHSUHVHQWDWLRQ��,W�LV�HYHQ�PRUH�LQWHUHVWLQJ�E\�FRQVLGHULQJ�SURSHUWLHVVXFK� DV� IDVWHU� FRQYHUJHQFH�ZLWK�PRUH� JXDUDQWHHG�RSWLPDOLW\�� HDVHRI� XVH� DQG� HDVH� RI� LQWHUSUHWDWLRQ� WKDQNV� WR� KXJH� DPRXQWV RIOLWHUDWXUH� DQG� DQDO\WLFDO IUDPHZRUNV DOUHDG\� DYDLODEOH� LQ� WKLVVXEMHFW��8QIRUWXQDWHO\��WKHVH�SURSHUWLHV�DUH�DFKLHYHG�ZLWK�UHVRXUFH�KXQJU\� FKDUDFWHULVWLFV� RI� 5%)� DQG� D� VRPHWLPH�GLIILFXOW�WR�VROYHSUREOHP��WR�EH�HODERUDWHG�EHORZ��DV�D�FRVW��VHH�H�J��>�@ SJ�������>�@&K������,Q� WKLV� SDSHU� ZH� PDLQO\� GHDO� ZLWK� WKH� EDVLF� *DXVVLDQ� 5%)QHWZRUN� DV� GHVFULEHG� H�J�� LQ� >�@�� DQG� XWLOL]HG� LQ� FRPPHUFLDOVRIWZDUH�VXFK�DV�0DWODE�11�WRROER[70 >�@��7KLV�NLQG�RI�5%)�KDVRQH�KLGGHQ� OD\HU�ZLWK� JDXVVLDQ�QRQOLQHDULW\� DQG�RQH� OLQHDU�RXWSXWOD\HU��7KH�RXWSXW�RI�KLGGHQ�QHXURQ�N JLYHQ�WUDLQLQJ�SDWWHUQ M LV�
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ZKHUH� WKH� WN DQG� V DUH� WKH� *DXVVLDQ¶V� FHQWHUV� DQG� VSUHDGUHVSHFWLYHO\� ZKLOH __�__ LV� WKH HXFOLGHDQ� QRUP�� 2XWSXW� IURP� DOOKLGGHQ�QHXURQV�DUH�FRPELQHG�OLQHDUO\�LQ�WKH�RXWSXW�OD\HU�DV��������� � M[ZM[\ NPN N M¦   ���

,Q�WKLV�EDVLF�DUFKLWHFWXUH�� WKH�VXSHUYLVHG�5%)�QHWZRUN�OHDUQV�DPDSSLQJ� E\� D� VWUDWHJ\� VR�FDOOHG� /LQHDU� ,QWHUSRODWLRQ�� 7KLV� LV� DUHODWLYHO\� VLPSOH� \HW� IDVW� DQG� SRZHUIXO� VWUDWHJ\� WR� JHW� D� ]HURWUDLQLQJ�HUURU��QRW�QHFHVVDULO\�JRRG�JHQHUDOL]DWLRQ��FRPSDUHG�WR�LWVFRXQWHUSDUWV VXFK�DV�QRQ�OLQHDU� LQWHUSRODWLRQ�� OLQHDU�DQG�QRQ�OLQHDUUHJUHVVLRQ��+RZHYHU��LW�LV�QRW�SODXVLEOH�IRU�XVH�ZLWK�D�KLJKO\�QRLV\WUDLQLQJ�GDWD�%\� WKLV� VWUDWHJ\�� WKH� IROORZLQJ� WZR�UHVWULFWLRQV� DUH� LPSRVHG� WRWKH�5%)�DOJRULWKP��� &HQWHUV��WN�V��DQG�6SUHDGV��V� PXVW�EH�SUH�GHWHUPLQHG�SULRU�WRWUDLQLQJ�WR�HQVXUH�OLQHDULW\�LQ�WKH�RXWSXW�OD\HU��� (YHU\�DFWXDO�RXWSXW�\�M��GXH�WR�WUDLQLQJ�SDWWHUQ�[�M��LQ�����PXVWWKHRUHWLFDOO\�KDYH�WKH�VDPH�YDOXH�ZLWK� WKH�GHVLUHG�RXWSXW�G�M�RI�WUDLQLQJ�SDWWHUQV��+HQFH�� WKH�RXWSXW� OD\HU�PXVW�EH�³VROYHG´�LQWHUSRODWLRQ� SUREOHP�� UDWKHU� WKDQ� ³DSSURDFKHG´� �UHJUHVVLRQSUREOHP��7KH� VHFRQG� UHVWULFWLRQ� UHTXLUHV� WKH� QXPEHU� RI� FHQWHUV� �P��KHQFH� WKH� QXPEHU� RI� KLGGHQ� OD\HU� QHXURQV�� WR� EH� HTXDO� WR� WKHQXPEHU�RI� WUDLQLQJ�SDWWHUQV� �1���7KHUHIRUH�� WKH�FRPPRQ�DSSURDFKWKDW ZH�FRQVLGHU�KHUH LV�E\�XVLQJ�DOO�WUDLQLQJ�SDWWHUQV�DV�WKH�FHQWHUV�$V�IRU�V��D�XQLIRUP�FKRLFH�RI�V LV�XVHG�IRU�DOO�KLGGHQ�QHXURQV��VLQFHLW�LV�HQRXJK�WR�DFKLHYH�XQLYHUVDO�DSSUR[LPDWLRQ�FDSDELOLW\�RI�5%)QHWZRUN�ZKLOH�PDLQWDLQLQJ�VLPSOLFLW\�>�@�%\� WKH� ILUVW� UHVWULFWLRQ WKH�RXWSXW�RI� WKH�QHWZRUN� IRU� LQSXW�[�M�FDQ�EH�ZULWWHQ�DV�
����H[S����� �
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� V N1N N [M[ZM[\ �� ¦  ���,PSRVLQJ� WKH� VHFRQG� UHVWULFWLRQ�� WKH� WUDLQLQJ� SUREOHP� WR� ILQG� ZNVXFK� WKDW� ���� UHSUHVHQWV� WKH� PDSSLQJ� SUREOHP� FRUUHFWO\� FDQ EHUHZULWWHQ�LQ�WKH�PDWUL[�IRUP�DV�
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RU�VLPSO\�DV� Z-G  ���1RWH� WKDW�� PDWKHPDWLFDOO\�� (TXDWLRQ� ���� LV� MXVW� D� V\VWHP� RIOLQHDU� HTXDWLRQV�ZLWK�Z� DV� XQNQRZQV�� 6R� WKH� WUDLQLQJ� SUREOHP� LVDFWXDOO\� D� SURFHVV� RI� VROYLQJ� OLQHDU� HTXDWLRQV� ���� IRU�Z�� 3URYLGHGWKDW� FRXOG� EH� GRQH��ZH�ZRXOG� JHW� D� XQLTXH� DQG� RSWLPDO� PDSSLQJZKLFK� SDVVHV� WUDLQLQJ� SDWWHUQV� H[DFWO\� �]HUR� WUDLQLQJ� HUURUWKHRUHWLFDOO\��

2EVHUYDWLRQV�DQG�*XLGHOLQHV�RQ�,QWHUSRODWLRQZLWK�5DGLDO�%DVLV�)XQFWLRQ�1HWZRUNIRU�2QH�'LPHQVLRQDO�$SSUR[LPDWLRQ�3UREOHP
5RP\DOG\ 0DUFHOR�$QJ�-U� 
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�
6HYHUDO GLIILFXOWLHV� DULVH� LQ� GHVLJQLQJ� DQ� 5%)� QHWZRUN� ZLWKJRRG� RYHUDOO� SHUIRUPDQFH�� )LUVW�� LV� KRZ� WR� FKRRVH� V DV� WKHDSSUR[LPDWLRQ�TXDOLW\�LV�NQRZQ WR�EH�TXLWH�VHQVLWLYH�WR�WKLV�YDULDEOH>�@�� ,Q� >�@� WKHUH� LV� D� IRUPXOD� VXJJHVWHG�� 8QIRUWXQDWHO\�� LW� LVXQMXVWLILHG�DQG�XQFOHDU�RQ KRZ�WR�XVH��7KH�RWKHU�SURSRVDOV�UHTXLUHVLJQLILFDQW� PRGLILFDWLRQ� RQ� WKH� RULJLQDO� 5%)� DUFKLWHFWXUH� DQGDOJRULWKP��ZKLFK�PDNH�LW�ORRVH�LWV�VLPSOLFLW\��KHQFH�DEVRUELQJ�HYHQPRUH� FRPSXWDWLRQDO� UHVRXUFHV� �H�J��� >�@�� >�@��� 7KHUHIRUH�� WKHFRPPRQ�SUDFWLFH�LV�WKURXJK�WULDO�DQG�HUURU�6HFRQGO\� LV�KRZ� WR�DYRLG�WKH�FRQGLWLRQ�QXPEHU�RI )) EHLQJ VRODUJH� $V�IRU� WKLV�LOO�FRQGLWLRQHG�SUREOHP��D�PRUH�GLIILFXOW�\HW� OHVVDFFXUDWH� DSSURDFK� WR� VROYH� ���� VXFK� DV� UHJXODUL]DWLRQ� VKRXOG� EHWDNHQ��H�J���>�@� >�@���7KLUGO\��SURYLGHG�����LV�QRW�VR�LOO�FRQGLWLRQHG�KRZ�WR�VROYH�LW�HIILFLHQWO\��,Q�5%)�QHWZRUN�OLWHUDWXUH��WKLV�SUREOHPLV� XVXDOO\� OHIW� WR� WKH� UHDGHU� WR� UHIHU� WR� JHQHUDO� QXPHULFDO� OLQHDUDOJHEUD�OLWHUDWXUH�,Q�WKLV�SDSHU��E\�FRQVLGHULQJ�RQO\�D�SDUWLFXODU�OHDUQLQJ�SUREOHP�ZH�IRXQG� WKDW� WKHVH� LVVXHV� FDQ� EH�DGGUHVVHG�DW�RQFH�E\�DQDO\]LQJWKH�SURSHUW\�RI�)) LQ�����7KDW�SDUWLFXODU�OHDUQLQJ�SUREOHP�FDQ�EH�IRUPXODWHG�DV��³*LYHQ�DVHW�RI�1�GLIIHUHQW�SDWWHUQV ^[�M���G�M��� ��`��ILQG�ZN LQ�����RU�Z LQ����VXFK� WKDW�QHWZRUN� LQ�����ZLOO�PDS�)�[�M�oG�M� H[DFWO\ LQ�FDVHVZKHUH� [�M� ��� 7�� �7�� «�� �1���7�´� 7KXV�� LW� LV� D� VLQJOH� LQSXW� DQGVLQJOH�RXWSXW� OHDUQLQJ�SUREOHP� ZKRVH� WUDLQLQJ� FDVHV� DUH� REWDLQHGE\�VDPSOLQJ�WKH�LQSXW�VSDFH�DW�D�IL[HG�SHULRG�7�:H�ZLOO�VWDUW�E\�DQDO\]LQJ�WKH�IRUP�RI�)) LQ������$V�WKH UHVXOW��LWLV�NQRZQ�WKDW�LW�ZLOO�DOZD\V�EH�LQ�WKH�IRUP�RI�D�VSHFLDOO\�VWUXFWXUHGPDWUL[�FDOOHG�7RHSOLW]��ZLWK�DGGLWLRQDO�UHJXODULWLHV�LQ�WKDW�LW�LV�DOVRUHDO�� V\PPHWULF�� SRVLWLYH� GHILQLWH� DQG� QRQVLQJXODU�� +DYLQJUHFRJQL]HG� WKLV��ZH� WKHQ� VXJJHVW� VRPH�VSHFLDO� SXUSRVHV� DOJRULWKPWR�DFKLHYH�D�IDVWHU�WUDLQLQJ SURFHVV�1H[W� ZH�REVHUYH�WKH�FRQGLWLRQ�QXPEHU�RI�)) ZLWK�UHVSHFW�WR V�7�� DQG�1�� %DVHG� RQ� WKLV�� ZH� SURSRVH� D� JXLGHOLQH� RQ� FKRRVLQJ�VJLYHQ�7 DQG�1��WR�REWDLQ�DQ�5%)�QHWZRUN�ZLWK�JRRG�DSSUR[LPDWLRQTXDOLW\�DV�ZHOO� DV� WKH� OHDVW� VHQVLWLYLW\� WR�SHUWXUEDWLRQV� LQ�GDWD�DQGQXPHULFDO�LQDFFXUDFLHV�RI�WKH�SURFHVV�6LQFH�WKH�PDWUL[ FRQFHUQHG�LQ�WKLV�SDSHU�LV�KLJKO\�VWUXFWXUHG�WKHQ�WKH\�ZLOO�EH�ZULWWHQ�LQ�D�FRQGHQVHG�IRUP�DV�FRPPRQO\�XVHG�LQPDWKHPDWLFDO�ILHOG��)RU�LQVWDQFH��DQ�1u1 PDWUL[�$��ZKRVH�HOHPHQWDW� URZ� M� DQG� FROXPQ� N� LV� $MN �M�N��� LV� ZULWWHQ DV�$ >$MN@M�N ����«� 1�� ^�M�N���M�N ������«�1��`���)LUVW�2EVHUYDWLRQ��,W�LV�D�7RHSOLW]�V\VWHP,Q� VLQJOH� LQSXW� DQG� VLQJOH� RXWSXW� DSSUR[LPDWLRQ� SUREOHP�� WKHPRVW�FRPPRQ�DQG�VHQVLEOH�ZD\�RI�JHQHUDWLQJ�FDVHV�IRU�WUDLQLQJ�WKHQHWZRUN�LV�E\�XQLIRUPO\�VDPSOLQJ�WKH�LQSXW�VSDFH��7KXV��LI�VDPSOHGZLWK�SHULRG�7��WKHQ�WKH�WUDLQLQJ�VHW�^[�M���G�M��� ����M ���«��1` ZLOOFRQWDLQ�^���G������ �7��G�7���� ��7��G��7����«�� ��1���7��G��1���7�` DVFDVHV�)ROORZLQJ�GHILQLWLRQ�LQ����� ����DQG������PDWUL[�)) FDQ�EH�ZULWWHQDV� ���H[S� �V$- � ���ZKHUH�

¿¾½� ®̄­ � 
 � �������������

@> � ���������� 1NM[M[ N
1NMMN$$

`^ `^ ���� ��� NM7N7M7 � � ���

LV� D� PDWUL[� FDOOHG� D� GLVWDQFH� PDWUL[�� $V� FDQ� EH� VHHQ� IURP� WKHH[LVWHQFH�RI�FRPSRQHQW��M�N���LQ������WKHQ�PDWUL[�$ LV�D�PDWUL[�ZLWKD� KLJKO\� UHJXODU� VWUXFWXUH� FDOOHG� V\PPHWULF� 7RHSOLW]�0DWUL[�� 7KLVW\SH� RI� PDWUL[� KDV� HQWULHV� WKDW� DUH� FRQVWDQW� DORQJ� HDFK� GLDJRQDO�+HQFH�� ))�� D� *DXVVLDQ� IXQFWLRQ� RI� WKH� GLVWDQFH� PDWUL[ $� LV� DV\PPHWULF�7RHSOLW]� ZLWK� DGGLWLRQDO� UHJXODULW\� LQ� WKDW� LW� LV� DOZD\VUHDO�� V\PPHWULF�� SRVLWLYH� GHILQLWH�� � DQG� JXDUDQWHHG� WR� EH� QRQ�VLQJXODU�>�@��7KHUHIRUH������LV�D�7RHSOLW]�V\VWHP�7KLV� UHFRJQLWLRQ� VKRXOG� EH� WDNHQ� DGYDQWDJH� RI WR� DFKLHYH� DIDVWHU�OHDUQLQJ�SURFHVV��$V�IRU�D�JHQHUDO�7RHSOLW]�V\VWHP��WKHUH�DUHDOUHDG\� VRPH� IDVW� VROYHUV� IRU� ���� DYDLODEOH� �RQO\� 2>1�@� IORDWLQJSRLQW�RSHUDWLRQV�QHHGHG�FRPSDUHG�WR�VWDQGDUG�PHWKRGV�ZLWK�2>1�@FRPSOH[LWLHV�� VHH� H�J�� >��@�� >��@��� %\� WDNLQJ� DGYDQWDJH� RI� ))¶VDGGLWLRQDO�UHJXODULWLHV IXUWKHU�VLPSOLILFDWLRQ�PD\�EH�SRVVLEOH���6HFRQG�2EVHUYDWLRQ�&RQGLWLRQ�QXPEHU�RI�)) Z�U�W��7��VV DQG�1)LJ��� VKRZV D�RQH�GLPHQVLRQDO�IXQFWLRQ�DSSUR[LPDWLRQ�ZLWK�DQ5%)�QHWZRUN� WUDLQHG�XVLQJ�WZR�GLIIHUHQW�FKRLFHV�RI�VSUHDG��VSUHDG�=�RU�V DUH�XVHG�LQWHUFKDQJHDEO\�WKURXJKRXW�WKH�WH[W�� 1RWH�WKDW�WKLVVDPSOH�RI� DSSUR[LPDWLRQ�ZLOO� EH� XVHG� FRQVLVWHQWO\� WKURXJKRXW� WKHWH[W WR�FODULI\�WKH�LGHD�SUHVHQWHG�7KH�WUDLQLQJ�SDWWHUQV�DUH�JHQHUDWHG�E\�VDPSOLQJ�WKH�LQSXW�VSDFH�LQ�WKLV�FDVH�WKH WLPH�GRPDLQ��DW�SHULRG�7  ������7KH�IXQFWLRQ�WR�EHDSSUR[LPDWHG� KDV� D� WRWDO� SHULRG� �7VLP�� RI� ����� V�� 7KHUHIRUH� ��WUDLQLQJ�FDVHV�DUH�REWDLQHG�
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�
7KH� ILJXUH� GHFHLYLQJO\� VXJJHVW� WKDW� ERWK� YDOXHV� RI� VSUHDG� KDVJLYHQ� WKH� VDPH� TXDOLW\� RI� DSSUR[LPDWLRQ� �LQGLFDWHG� E\� ORZGHYLDWLRQ� EHWZHHQ� WDUJHW� DQG�RXWSXW� RI� WKH�QHWZRUN���+HQFH�� WKH\FDQ�EH�XVHG�LQWHUFKDQJHDEO\�+RZHYHU��LI�WKH�YDOXHV RI�FRQGLWLRQ�QXPEHU �&1� RI�)) LQYROYHGLQ� ERWK� FDVHV� DUH� FRPSDUHG�� WKHQ� ZH� VHH� WKDW� ERWK� KDYH� WRWDOO\GLIIHUHQW�TXDOLWLHV��&1V�RI�)) LQ�)LJ� ��D��DQG��E��DUH���������DQG������[��� UHVSHFWLYHO\�� 5HFDOOLQJ� WKH� GHILQLWLRQ� RI� &1�� ZH� FDQLQIHU� WKDW� WKH�QHWZRUN�UHVXOWHG�LQ�)LJ���E��KDV PRUH�SUREDELOLW\� WREH� SHUWXUEHG� HLWKHU� E\� QRLVH� LQKHUHQW� LQ� WKH� WUDLQLQJ� FDVHV RU� E\QXPHULFDO�LQDFFXUDFLHV�LQYROYHG�LQ�WKH�FDOFXODWLRQ�RI�����8QIRUWXQDWHO\�� SHUWXUEDWLRQ� LV� DQ� LQHYLWDEOH� FRQGLWLRQ RQWUDLQLQJ� GDWD�� +HQFH�� D� QHWZRUN� WKDW� LV� YHU\� VHQVLWLYH� WR� WKLV� LVFOHDUO\�QRW�VR�XVHIXO�LQ�SUDFWLFH��7KHUHIRUH��LW�LV�LPSRUWDQW�IRU�XV�WRLQYHVWLJDWH� WKH� EHKDYLRU� RI� WKLV� &1� LQ� RUGHU� WR� ILQG� D ZD\� WRLPSURYH�LW�

����&RQGLWLRQ�1XPEHU$V�D�UHYLHZ��FRQGLWLRQ�QXPEHU�N�))��LV�GHILQHG�DV�
SSSNN ����� �  ---- ���

ZKHUH�S UHSUHVHQWV� WKH�QRUP� XVHG� LQ� FDOFXODWLRQ�� )RU� H[DPSOH�� LQWKLV� SDSHU� ZH� ZLOO� SUHVHQW� VRPH� VDPSOH� VLPXODWLRQV UHVXOWHG IRUQRUP�S ��ZKLFK�LV�GHILQHG�DV� ¦ dd Q
T TUQU ��� PD[ M- ���

1RWH WKDW�QHZ�LQGH[HV T M�� DQG�U N���DUH�XVHG�WR�FOHDUO\�GHQRWHWKH�LQGH[�RI�D�PDWUL[�HOHPHQW�7KH�LPSRUWDQFH�RI�&1 FDQ�EH�VHHQ�LQ�
GG-ZZ GG ��Nd ����

ZKHUH GG�UHSUHVHQWV�D�FKDQJH�LQ�G GXH�WR�SHUWXUEDWLRQV��ZKLOH GZUHSUHVHQWV�WKH�SRVVLEOH�FKDQJHV�WR�WKH�VROXWLRQ��Z��LQ�����GXH�WR�GG�+HQFH��RQH�LQWHUSUHWDWLRQ�RI�N�))� LV�WKDW�LW�LV�D�PHDVXUH�RI�KRZELJ� D� UHODWLYH� HUURU� LQKHUHQW� LQ� WUDLQLQJ� FDVHV� ZLOO� EH� PD[LPDOO\DPSOLILHG�GXULQJ� WKH�FDOFXODWLRQ�RI�Z LQ ����� 7KH� ORZHVW� YDOXH� RIN�))�� LV� �� ZKLFK� UHIOHFWV� D� ZHOO�FRQGLWLRQHG� V\VWHP�� /DUJH� N�))�UHIOHFWV�DQ�LOO�FRQGLWLRQHG�OLQHDU�V\VWHP� 7KH�KLJKHVW��ZKLFK�UHIOHFWVWKH�VLQJXODULW\�RI�))��LV�LQILQLW\��5HDGHUV�DUH�UHIHUUHG�WR�H�J��>��@ SS�����DQG�>��@ SS����IRU�PRUH�GHWDLOV�RQ�&1�1RZ�OHW�XV�FROOHFW�DOO�H[WHUQDO�IDFWRUV�WKDW�FRXOG�SRVVLEO\�DIIHFWWKLV�N�))�� /HW�XV�UHZULWH�����DV�
�� ���ZKHUH������������� VDD 71NMH NM  °¿°¾½®̄­ �  ��- ����

7KXV��WKH REMHFWLYH�QRZ�FDQ�EH�VWDWHG�DV�WR�REVHUYH WKH�EHKDYLRU�RI&1 RI�)) GXH�WR�WKH�FKDQJH�RI�H[WHUQDO�IDFWRUV��D DQG�1�7KHUH�DUH� VHYHUDO� SDSHUV� LQ�PDWKHPDWLFDO� ILHOG� WKDW�SURYLGH�DQDQDO\VLV�WR�HVWLPDWH�WKH�ERXQG�RI�&1 IRU D�FHUWDLQ�FODVV�RI�IXQFWLRQRI�GLVWDQFH PDWUL[ $ �H�J���>�@��>��@���+RZHYHU��QRQH�VHHPV�VXLWDEOHIRU�*DXVVLDQ�IXQFWLRQ�RI�$�VXFK�DV�LQ�RXU�FDVH� +HQFH��ZH UHO\�RQVLPXODWLRQV WR�REVHUYH�LW�7R�WKDW�REMHFWLYH��ZH�KDYH�GRQH�TXLWH�H[WHQVLYH�VLPXODWLRQV� WRREVHUYH� WKH�EHKDYLRU�RI�&1 XVLQJ�QRUPV ����� DQG�IUREHQLXV� QRUPZLWK�UHVSHFW�WR�D DQG�1��1RWH�WKDW�VLQFH�PDWUL[�)) LV�V\PPHWULF�WKHQ
f -- � ��)LUVW�ZH�GR�LW�ZLWK�UHVSHFW�WR�D IURP�D ��WR�D ���IRU

1 ���������������������DQG������ 1H[W�ZH�GR�LW�ZLWK� UHVSHFW� WR�1IURP� 1 �� WR� ���� IRU� GLIIHUHQW� D�V� 7ZR UHSUHVHQWDWLYH� SORWV RIWKRVH VLPXODWLRQV�DUH�GLVSOD\HG�LQ�)LJ��� EHORZ E\�XVLQJ�QRUP���
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)LJ��� %HKDYLRU�RI�&1�RI�)) Z�U�W��D DQG�1

1RWH�WKDW�WKH�QRQ�VPRRWKQHVV�RI�VRPH�FXUYHV�LQGLFDWHV WKDW�WKHDFWXDO�YDOXH�RI�&1�DW�WKRVH SRLQWV�DUH�VR�LQDFFXUDWH�DV�WKH�PDWULFHVKDYH DOUHDG\�EHHQ�YHU\�FORVH WR�VLQJXODU�7KHUH� DUH� WZR�PRWLYDWLQJ� REVHUYDWLRQV� ZH� FDQ� LQIHU� IURP� WKHWZR� ILJXUHV�� )LJ� ���D�� UHYHDOV� WKDW� WKH� &1� ZLOO� GHFUHDVHPRQRWRQLFDOO\� Z�U�W�� WKH� LQFUHDVH� RI� D XQWLO� LW� UHDFKHV� LWVSUHVXPDEO\� DV\PSWRWLF� YDOXH� &1 ��� ZKLFK� PHDQV� YHU\� ZHOOFRQGLWLRQHG� 7KLV� IDFW� JLYHV� D� GLUHFWLRQ� RI� RXU� QH[W� VHDUFK� IRULPSURYLQJ�WKH�&1�RI�)) E\�VHDUFKLQJ�IRU�WKH�KLJKHVW�YDOXH�RI�D�)LJ�� ���E�� UHYHDOV� VRPH� SUHVXPDEO\� DV\PSWRWLF� YDOXHV ZKLFKDFWV�DV�WKH�XSSHU�ERXQG�RI�&1�IRU�HDFK�D��7KHVH DV\PSWRWLF�YDOXHV�LI�LW�FDQ�EH�SURYHQ�DQDO\WLFDOO\��DUH�UHDOO\�PRWLYDWLQJ��$V�WKH\�JLYHDVVXUDQFH�WKDW�RQFH�WKH�DV\PSWRWLF�YDOXH �RU�WKH�XSSHU�ERXQG��YDOXHLV� NQRZQ� WR� EH� ORZ� HQRXJK�� WKHQ� KRZHYHU� ODUJH� WKH� 1� �WUDLQLQJGDWD� XVHG��ZH�FDQ�DOZD\V�VROYH�����DV�VDIH�DV�IRU�ORZ�QXPEHU�RI�1�
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�
7KHVH WZR� SUHVXPDEO\� PRQRWRQLFLW\� EHKDYLRUV DUH QHZO\REVHUYHG�� DFFRUGLQJ� WR� 0LFFKHOOL�� DV� OLWHUDWXUHV LQ� WKH� ILHOG� RIPDWKHPDWLFV�XVXDOO\�UHSRUW�&1�RQO\�LQ�WKH�IRUP�RI�XSSHU�DQG�ORZHUERXQG� )XUWKHU�UHVHDUFK�QHHGV�WR�EH�VHW�XS�WR�UHDOO\�SURYH�WKLV��7KHLQYHVWLJDWLRQ�LV�QRZ�SURFHHGHG�E\�VHDUFKLQJ�IRU�WKH�KLJKHVW�YDOXHRI�DD�%\�UHFDOOLQJ�WKDW�D 7 ���V���WKHUH�DUH�WZR�YDULDEOHV�WKDW�VKRXOGEH�FRQVLGHUHG�LQ�RUGHU�WR�JHW�WKH�KLJKHVW�YDOXH�RI�D��L�H��7��DQG�V�7KH�FKRLFH�RI�7 LV�FOHDUO\�SUREOHP�GHSHQGHQW��/RZHU�YDOXH�RI�7�WHQWK� RI� VHFRQG� RU� HYHQ� VPDOOHU�� LV� XVXDOO\� UHTXLUHG� WR� JHQHUDWHWUDLQLQJ� GDWD� IURP� D� SRVVLEO\� KLJK�IUHTXHQF\� V\VWHP�� LQ� RUGHU� WRHQVXUH� WKDW�WKH� WUDLQLQJ�GDWD� LV�VXIILFLHQW� WR� UHSUHVHQW� WKH�PDSSLQJRI�WKH�RULJLQDO�V\VWHP��&RQVHTXHQWO\��DQ 5%)�QHWZRUN�GHVLJQHU�FDQQRW�IUHHO\�FKRRVH�WKH�YDOXH�IRU�WKLV� ,Q�RUGHU�WR�UHPRYH�WKH�HIIHFW�RI7 IURP�WKH�FKRLFH�RI�D��OHW�XV�FKRRVH�V F7�VXFK�WKDW��D ���F����6RQRZ�RXU�REMHFWLYH�IRU�LPSURYLQJ�&1�RI�)) FDQ�EH�IXUWKHU�UHILQHG�WRILQGLQJ�WKH�ORZHVW�YDOXH�RI�VSUHDG��V��RU�VLPLODUO\�WKH�ORZHVW YDOXHRI�F VR�DV�WR�REWDLQ�WKH�KLJKHVW�YDOXH�RI�D �

����7KH�%HVW�9DOXH�RI�6SUHDG+RZHYHU�� LW� LV� FRPPRQO\� NQRZQ WKDW� WKHUH� LV� D� FHUWDLQ� ORZHUERXQG�RI�V QRW� WR�EH�H[FHHGHG��LQ�RUGHU�WKDW�WKH�5%)�QHWZRUN�FDQJHQHUDOL]H� �DSSUR[LPDWH� YDOXHV� LQ� EHWZHHQ� WUDLQLQJ� FDVHV��0DWODE70� �>�@�� SJ�� ������ IRU� LQVWDQFH�� VWDWH� WKLV� JXLGHOLQH� DV�³«PDNH�VXUH� WKDW� WKH� VSUHDG� LV� ODUJH� HQRXJK� VR� WKDW� DFWLYH� LQSXWUHJLRQV� RI� WKH� 5%)� QHXURQV� RYHUODS� HQRXJK� VR� WKDW� 5%)� QHXURQDOZD\V�KDYH�IDLUO\�ODUJH�RXWSXW�DW�DQ\�JLYHQ�PRPHQW�´5HJDUGLQJ� JHQHUDOL]DWLRQ�� WKHUH� DUH� PDQ\� VWDWLVWLFDOO\� SURYHQPHWKRGV DYDLODEOH�LQ�OLWHUDWXUH�WR�PHDVXUH�WKLV DVSHFW� +RZHYHU��IRURXU� SXUSRVH� D� YLVXDO� PHDVXUH� LV� FRQVLGHUHG� VXIILFLHQW�� 7R� EHSUHFLVH�� ZH� UHJDUG DQ 5%)� QHWZRUN� SURGXFLQJ D� JRRGJHQHUDOL]DWLRQ� LI� WKH� IXQFWLRQ� LW� SURGXFHV� FRQQHFWV WUDLQLQJ� FDVHV�SRLQWV�� VPRRWKO\�� ZLWKRXW� KDYLQJ� WRR� PXFK� LQIOHFWLRQ� RU� ORFDOPD[LPD�PLQLPD LQ�EHWZHHQ�7R� LOOXVWUDWH� WKLV�� )LJ�� � DERYH� KDV� VKRZQ� WZR� DSSUR[LPDWLRQUHVXOWV� ZLWK� JRRG� JHQHUDOL]DWLRQ� GXH� WR� WKH� XVH� RI� ZLGH� HQRXJKVSUHDG�YDOXHV� ,Q�FRQWUDVW��)LJ��� EHORZ�VKRZV�D�EDG�JHQHUDOL]DWLRQGXH�WR�D�WRR�QDUURZ�VSUHDG��DOWKRXJK�LW�JLYHV�D�ZHOO�FRQGLWLRQHG�))��
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)LJ��� $SSUR[LPDWLRQ�UHVXOW�IRU�WRR�VPDOO�FKRLFH�RI�VSUHDG
� 3ULYDWH� FRQYHUVDWLRQ� ZLWK� &KDUOHV� $�� 0LFFKHOOL�� 0DWKHPDWLFV� DQG6WDWLVWLFV�'HSW���8QLYHUVLW\�DW�$OEDQ\��1HZ�<RUN�

%\� FRQVLGHULQJ WKLV� ORZHU� ERXQG� UHTXLUHPHQW IRU� VSUHDG�� WKHQWKH�YDOXH�RI�VSUHDG�WKDW�ZH�DUH�ORRNLQJ� IRU� LV� WKH�RQH�DW� WKH�ORZHUERXQG�� ,Q� RWKHU� ZRUGV�� VLQFH� V F7� WKHQ� WKH� YDOXH� RI� F� ZH� DUHORRNLQJ�IRU�LV�WKH�ORZHVW�YDOXH�WKDW�LV�HQRXJK�WR�SURGXFH�D�VPRRWKFXUYH�6R�RXU�REMHFWLYH�QRZ�FDQ�EH�UHILQHG�WR�ILQG�WKH�ORZHVW�YDOXH�RIVSUHDG RU�VLPLODUO\�WR�ILQG�WKH�ORZHVW�YDOXH�RI�F WKDW�LV�VXIILFLHQW�WRSURGXFH�D�VPRRWK�FXUYH�FRQQHFWLQJ�WUDLQLQJ�FDVHV��:H�ZLOO�UHO\�RQWKH�RQFRPLQJ VLPXODWLRQ�LQ�RUGHU�WR�ILQG�WKLV�)RU�WKH�ILUVW�VLPXODWLRQ��UHFDOO�WKDW�WKH�RXWSXW�RI�RXU�WUDLQHG�5%)QHWZRUN�IRU�LQSXW�[�LV� �� ��H[S��� � �� VN7[Z[\ 1N N �� ¦  ����5HFDOO� WKDW� ZH� FDQ� DOZD\V� UHJDUG� WKH� LQSXW [ DV� [ E7 IROORZLQJV F7�VXFK�WKDW������EHFRPHV� �� ��H[S��� � �� FNEZ[\ 1N N �� ¦  ����
(TXDWLRQ� �����VKRZV WKDW�F LV� LQKHUHQWO\� LQGHSHQGHQW� IURP� WKHFKDUDFWHULVWLFV� RI� WUDLQLQJ� GDWD� �7��� +HQFH�� ZH� FDQ� SURFHHG� WRVLPXODWLRQ� LQ�D�VHDUFK� IRU� WKH� ORZHVW�YDOXH�RI�F E\�XVLQJ HTXDWLRQ�����LQVWHDG�RI������:H�FKRRVH�1 � ���KLGGHQ�QHXURQV�EDVLV�IXQFWLRQV���LQ�RUGHU�WRJLYH�HQRXJK�OHQJWK�IRU�YLVXDO�REVHUYDWLRQ� 5HJDUGLQJ�WKLV�DUELWUDU\FKRLFH�RI�1��UHFDOO�WKDW�PDWKHPDWLFDOO\�WKLV�5%)�LQWHUSRODWLRQ�DV�LQ�����LV�D VFKHPH�RI�UHSUHVHQWDWLRQ�RI�D�FRQWLQXRXV� IXQFWLRQ�E\�WKHVXP� RI� 1� EDVLV� IXQFWLRQV RI H[S���E�N����F���� RU� WKH� *DXVVLDQIXQFWLRQV >�@��9DULDEOH�ZN� GHWHUPLQHV� WKH� YHUWLFDO� VFDOLQJ� RI� HDFKEDVLV� IXQFWLRQ�� :KLOH� F� GHWHUPLQHV� WKH� VSUHDG� RI� HDFK� EDVLVIXQFWLRQ� ZKLFK� LQ� WXUQ� GHWHUPLQH� WKH� DPRXQW� RI� RYHUODSSLQJEHWZHHQ�HDFK�EDVLV�IXQFWLRQ��6LQFH�D�*DXVVLDQ�IXQFWLRQ�JRHV�WR�]HURDV� LWV� LQSXW�[� JRHV� DZD\� IURP� WKH� FHQWHU� �ZKLFK�PDNHV� LW� VDLG� WRKDYH�D�ORFDO�VXSSRUW���WKHQ�WKH�FKRLFH�RI�1 VKRXOG�KDYH�QR�HIIHFW�RQWKH�REVHUYDWLRQ�RWKHU�WKDQ�ODUJHU 1 HDVHV WKH�REVHUYDWLRQ� 7R�FODULI\WKLV�QRWLRQ��LQ�)LJ����EHORZ��WKH�RXWSXW�QHWZRUN��EROG�OLQH��LV�GUDZQDORQJ�ZLWK�WKH�XQVFDOHG�EDVLV�IXQFWLRQ��WKLQ�OLQH��:H VWDUW� WKH� VLPXODWLRQ� RI� ���� E\� XVLQJ� ZN ��� 7KHQ� E\REVHUYLQJ�WKH�VPRRWKQHVV�RI�WKH�RXWSXW��ZH�FKRRVH�WKH�ORZHVW�YDOXHRI�F WKDW�JLYHV�D�VPRRWK�HQRXJK�FXUYH��7KH�VDPSOH�RI�WKLV�SURFHVVLV GLVSOD\HG�LQ�)LJ��� EHORZ��1RWH WKDW�WKH�GRWV LQ�WKH�EROG�OLQH�DUHWKH�WUDLQLQJ�SDWWHUQV DV�ZHOO�DV�WKH�FHQWHUV�RI�WKH�EDVLV�IXQFWLRQV�
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�E�
)LJ��� 6PDOOHVW�YDOXH�RI�F WKDW�SURGXFHV�JRRG�JHQHUDOL]DWLRQ

)URP�WKLV�VLPXODWLRQ��ZH�IRXQG�F ��� WR�EH WKH�EHVW�FDQGLGDWH�:H� WKHQ� SURFHHG� E\� XVLQJ UDQGRP� YDOXHV� RI� ZN DQG� UHSHDW� WKHZKROH�H[SHULPHQWDWLRQ��)URP�WKLV��ZH�DJDLQ�IRXQG�WKDW�F ��� LV�VWLOOWKH�EHVW�FDQGLGDWH��7KLV� UHVXOW� VXJJHVWV� WKH�XVH�RI�V ����7 DV� WKHYDOXH� RI� WKH� VSUHDG�ZH� DUH� ORRNLQJ� IRU� :LWK� WKLV� FKRLFH� RI� F� WKHYDOXH� RI�D ���F� ������ ZKLFK� DFFRUGLQJ� WR� RXU� VLPXODWLRQ JLYHVDV\PSWRWLF�YDOXH�RI�&1 �������IRU�1�t���IRU�QRUP����7KLV�YDOXHRI� &1� WHOOV� WKDW� WKLV� FKRLFH� RI� F ZLOO� DOZD\V� PDNH )) YHU\� ZHOOFRQGLWLRQHG�KRZHYHU�ODUJH�WKH�QXPEHU�RI�WUDLQLQJ�GDWD�LV�:H�ILQDOO\�SURFHHG�WR�WHVW�WKLV�YDOXH�RI�V WR�UHDO�DSSUR[LPDWLRQFDVHV��7R�GR� WKLV��ZH�JHQHUDWH� IRXU RWKHU� WUDLQLQJ� VHWV�RI� DUWLILFLDOIXQFWLRQV EHVLGHV WKH� RQH� ZH� KDYH� DOUHDG\� XVHG�� :H� WKHQ� WU\� WRDSSUR[LPDWH�WKHVH�WUDLQLQJ�VHWV�XVLQJ�YDOXHV�RI�V IURP�V ����7 WRV 7�ZLWK����7 LQFUHPHQW�)URP�WKLV VHFRQG�VLPXODWLRQ��LW�LV�FRQILUPHG�WKDW�V ����7�LV�WKHORZHVW�YDOXH�RI�VSUHDG�WKDW�JLYHV�WKH�EHVW�DSSUR[LPDWLRQ�UHVXOWV�IRUWKHVH�DUELWUDU\� VDPSOH� SUREOHPV��$V� LW EHORZ�V ����7� WKH� TXDOLW\UHGXFHV TXLWH�VLJQLILFDQWO\��,Q�)LJ���� ZH�LQFOXGH�WKH�DSSUR[LPDWLRQUHVXOWV RI�WKUHH�WUDLQLQJ�FDVHV�XVLQJ�ERWK�V ����7 DQG�V ����7�
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S.I.M.U.L.A.T.I.O.N R.E.S.U.L.T (Z=0.6T, SAMPLE 1)
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S.I.M.U.L.A.T.I.O.N R.E.S.U.L.T (Z=0.5 T, SAMPLE 1)
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S.I.M.U.L.A.T.I.O.N   R.E.S.U.L.T (Z*Ts=0.6, SAMPLE5)
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Network Output
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S.I.M.U.L.A.T.I.O.N R.E.S.U.L.T (Z=0.5 T, SAMPLE 2)
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S.I.M.U.L.A.T.I.O.N R.E.S.U.L.T (Z=0.6 T, SAMPLE 3)

Training Data
Network Output
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S.I.M.U.L.A.T.I.O.N R.E.S.U.L.T (Z=0.5 T, SAMPLE 3)

Training Data
Network Output

)LJ��� 5HVXOWV�RI�DSSUR[LPDWLRQ�XVLQJ�YDOXH�V ����7�DQG�EHORZ�V ����7
7KLV�UHVXOW�FRQILUPV�WKH�SUHYLRXV�VLPXODWLRQ¶V�UHVXOW��+HQFH��LQFRQFOXVLRQ��ZH� VXJJHVW� WKH� XVH� RI�V ����7 DV� WKH� VSUHDG� IRU� WKLVW\SH� RI� DSSUR[LPDWLRQ� :LWK� WKLV� FKRLFH� WKH� 5%)� QHWZRUN� LVREVHUYHG� WR� SURGXFH� DQ� RSWLPDO� UHFRQVWUXFWLRQ� RI� PDSSLQJ� IURPWUDLQLQJ�FDVHV���&RQFOXVLRQV7KLV� SDSHU� KDV� VXJJHVWHG� VHYHUDO� LPSURYHPHQWV WR� PDNH� WKHOHDUQLQJ� SURFHVV� RI� D� VLQJOH� LQSXW� VLQJOH� RXWSXW�PDSSLQJ� IDVW� DQGVWUDLJKW�IRUZDUG�7KH� FRHIILFLHQW� PDWUL[� RI� DQ� 5%)� QHWZRUN� HPSOR\HG� RQ� WKLVRQH�GLPHQVLRQDO LQWHUSRODWLRQ� SUREOHP� LV�REVHUYHG� WR� KDYH�D� UHDO�V\PPHWULF�� SRVLWLYH� GHILQLWH� DQG� JXDUDQWHHG� QRQVLQJXODU� WRHSOLW]VWUXFWXUH��7KLV�VSHFLDO�VWUXFWXUH�FDQ�DQG�VKRXOG�EH�WDNHQ�DGYDQWDJHRI� LQ�RUGHU�WR�PDNH�WUDLQLQJ�SURFHVV�PXFK�PRUH�HIILFLHQW�5HODWLRQ�EHWZHHQ�LOO�FRQGLWLRQLQJ RI�SUREOHP�����ZLWK�VSUHDG��7�VDPSOLQJ�SHULRG��DQG�1��QXPEHU�RI�WUDLQLQJ�FDVHV�XVHG��KDV�EHHQREVHUYHG�� 7KH� UHVXOW� VXJJHVWV� WKH� XVH� RI�V ���� 7 WR� SURGXFH� DQ5%)� QHWZRUN� ZLWK� RSWLPDO� DSSUR[LPDWLRQ� TXDOLW\� GXH� WR EHWWHUFRQGLWLRQLQJ� RI� ����� :LWK� WKLV� SURSRVDO�� LQWHUSRODWLRQ� ZLWK� 5%)QHWZRUN� LV� DOUHDG\� D� VWUDLJKWIRUZDUG SURFHGXUH�� *LYHQ� D� RQHGLPHQVLRQDO� WUDLQLQJ� VHW� ZLWK� IL[HG� VDPSOLQJ� SHULRG�� DQ� 5%)QHWZRUN� ZKLFK� RSWLPDOO\� LQWHUSRODWHV� WKH� GDWD� FDQ� EH� GLUHFWO\FRQVWUXFWHG�ZLWKRXW�WKH�QHHG�IRU�WULDO�DQG�HUURU�0RUHRYHU��ZLWK�WKH�SUHYLRXVO\�REVHUYHG�DV\PSWRWLF�EHKDYLRU�RI&1�� WKLV� FKRLFH� RI� VSUHDG� ZLOO� SURGXFH� )) ZLWK� &1� PD[LPXP������ UHJDUGOHVV�KRZHYHU� ODUJH�WKH�WUDLQLQJ�GDWD� LV��$FFRUGLQJ�WR������WKLV�HQVXUH�WKDW�SHUWXUEDWLRQ�LQ�WUDLQLQJ�GDWD�ZLOO�EH�DPSOLILHGPD[LPDOO\��������WLPHV�7KH�QLFH� WKLQJ� RI� WKH� UHVXOW� SUHVHQWHG� KHUH� LV� WKDW� LW� LV� WRWDOO\LQGHSHQGHQW�RQ�WKH�W\SH�RI�IXQFWLRQ�RU�PDSSLQJ�SUREOHP�GHDOW�ZLWK�7KH�RQO\� FRQGLWLRQ� IRU� LWV� DSSOLFDELOLW\� LV� WKDW� WKH� RQH� GLPHQVLRQLQSXW�VSDFH�LV�VDPSOHG�DW�D�IL[HG�VDPSOLQJ�SHULRG�1RWLQJ�KRZ� RXU�SURSRVHG�YDOXH�RI� VSUHDG� LV� UHODWHG� WR�7�� WKHQ)UDQNH¶V�FRQMHFWXUH�WKDW�WKH�YDOXH�RI�VSUHDG�GHSHQGV�RQ�WKH�WUDLQLQJGDWD�VHHPV�WR�EH�VWUHQJWKHQHG��>�@��SS�������)XUWKHU�ZRUN�LV�QHHGHG�WR�VLPSOLI\�DOJRULWKP�LQ�>��@ LQ�OLJKW�RIDGGLWLRQDO� VSHFLDOW\� LQ�PDWUL[�)) DQG�DOVR� WR�PDWKHPDWLFDOO\� SURYHWKH�PRQRWRQLFLW\ EHKDYLRU�RI�&1�RI�)) Z�U�W��D DQG�1�
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